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IIpearosop

CaBpeMeHna eJIeKTPOTEXHUKA U PATyHAPCTBO MOIPA3YyMeBajy 3HAUYA]HE TIPHU-
MeHe HyMepHYKe MaTeMaTHKe.

OBaj yribeHUK pa3BHjaH je TOKOM Buiie o 10 roanHa, KOJTUKO ayTop ydec-
TBYyje y HACTaBU HyMEPUUYKE MaTeMaTUuKe Y CKJIOIY BUIIE IIPeJMeTa Ha OCHOB-
HUM aKaJIeMCKHUM CTy/irjaMa [LJIeKTPOTeXHUYKOT (haKyaTeTa Y HUBEP3UTETA
y Beorpamy. I'paguso obyxsaheno oBom Kmburom nokpuna Kypc Hymepuuaka
MaTeMaTuka, W300pHH Kypc Ha MoayanMa Eirekrponnka, Pusndka eekTpo-
nuka, Curtayjm u cucremu, Enepreruka u Telekomynukamuje u uHdopma-
IMHOHE TEeXHOJIOTHje, Kao W /eo Kypca Hymepuwuka amaamsa W JuCKpeTHA
MaTeMaTnka Ha MoayanMa Padynapcka texauka u wHdopmaruka, Curnaan
U CHCTeMH W Ha CTYAujcKoM mporpamy CodhTBEPCKO MHKEHEPCTBO.

Marepujaj npaTu TeOpUjcKe MOCTaBKe HACTABHUX jeJIMHUIIA KOje ce obpa-
Dyjy Ha npegaBamuMa, Kao U 33JlaTKe KOJU IpaTe OBe HACTABHE jeJUHHIIEC H
pajie ce Ha YacoBUMa BexkOu. /lomaTHo, 3a cCBaKy HACTABHY jeIUHUILY TATH CY
3a/ali C pe3yJITaTuMa KOju Ipare JIJabopaTopujcKe BexkOe U3 0BUX ITPeIMeTa.

Texkcr je mpunpemsben y cucremy WIEX 2¢, a ciuke y makery (GeoGebra
(http://www.geogebra.org).

AyTtop ce 3axBasbyje cBUM npodecopuMa U KoJeraMa Koju Cy Y4eCTBOBAJIN
y JIocaJlalibeM U3Bohemy HacTaBe Ha OBOM MPEAMETY U JAJH CBOj JTOTPUHOC
yuanpehemwy HacraBe y oBoj obsiactu. Takobhe, mocebHo je 3HadajHa ysora
CTyJIeHaTa KOJU Cy CBOJUM THUTABUMa W CYTeCTHjaMa 3HAYajHO YTHIAIH HA
KOHAYHU ODJINK OBOT yIIOEHUKA.

Hamawa A. Ruposuh
Dedpyap, 2018
Beorpan
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I'maBa 1

Ilojam rpemke

Hymepuuka maremaruka 6aBu ce peliaBambeM HyMEPUUYKUX 1IPoOJIeMa Ko-
pucrehu camo jeHOCTaBHE apUTMETHUYKE Olepallyje U pa3BojeM epuracHux
aJIrOpUTaMa KOjuMa ce U3 JaTuX I0jiaTaka J00ujajy HyMEePUUKH PEe3yATaTH.
PasBujenu aJropuTMu uMJIEMEHTHPA]Y €€ Y 0Ja0paHOM IIPOrPaAMCKOM je3UKY.
[Topes Tora, mocToje MHOTH TPOTPAMCKH TTaKeTH KOjU UMILIEMEHTHPAjy pas3-
auunTe HyMepuuke agroputme (Hmp. Matlab, Octave, Maple, Mathematica,
Scilab, u gpyru). Asropuram 3a peraBame GUPAMO Y 3aBHCHOCTH OJI IPUPOJIE
npobJiema.

OcHoBHa KapaKTepUCTHKA HYMEPHYKe MaTeMaTuKe je Herm30e:KHO IpH-
CyCTBO Tpelllaka, Koje He MOXKeMO VKJIOHHTH, Beh ce caMo MOXKeMO HaIaTH
Jla MOTY OHTH , JJOBOJAHO MaJie” W Ja MMaMO IMOY3JaHy MPOIEHY MHUXOBE
Be€JINYUHE.

1.1 Bpcre rpemniaka

HeoTknomuBe rpemke

[Tpu pemasamy peasHor mpodseMa (hopMUpaMO MaTEeMaTUIKN MOJIEST KOJU
ra omucyje. PopMupaHd MOJE] YECTO MPeJICTaB/ba UIeaJTH30BaHy IOCTABKY,
KOja 3aHeMapyje Malbe 3HadajHe MoJaTKe WU OIHUCYje MpodJeM MOJ CIelu-
januuMm yeaoBuma. Ha mpumep, mpobiaeMu KOju ¢y TO IPUPOIA HEeJIMHEApHH
HEKaJIa Ce MOJIEJIY]Yy JIMHEAPHUM MOJIE/TUMA.

Pemnrapamem npubsuzkKHOr npodjemMa y OAHOCY Ha peajiaH jgobujamo pe-
Iehe KOje OJCTYIa OJ TAYHOI pellema peaJHor mpobsema. OBo cy 2pewke
Y MAMEMAMULKOM MOOENY.
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Jo1rr jean u3Bop rpemaka cy epewke y yia3num nodayuma. J1o oBakBux
rperraka MoOKe JOhW Kajia Cy yJaa3Hu mojand A00MjeHn Kao pPe3ysiTar eKcie-
PUMEHTATHUX Meperba Ha HHCTPYMEHTUMA KOji HIKA/1a HUCY allCOJIYTHO IIpe-
IIA3HHA.

OsaxBe rperike He MoxkeMo u3behu, Beli eBenTyasHo cMambuTu (HOp. Tpe-
U3HAjUM MepebiMa). Ha HHBOYy HyMepHYKuX MeTo/ia, IuMe ce oB/Ie GaBHMO,
HE MOXKeMO YTHIATH Ha mux. Mnak, Tpeba ga OyaeMo CBECHHU IOCTOjarmba
OBAaKBUX T'periaka 3aTo IMTO YTUYY Ha TAYHOCT PeIera Koja J00ujaMo mpu-
MEHOM HYMEPHYKHUX METOJIA.

I'pemike meTozne

MaremaTnakm Mo/esa KOjU pelllaBaMO YeCcTO HeMa aHAJIUTHYKO Delllebe.
Y ToMm ciy4ajy, IpuUMemyjeMo aJIeKBaTHY HYMePUYKY MeTOJy 3a pelllaBambe
npob.IeMa.

Hymepuuky meromy moxkemo g1o0utu duckpemusdayujom — 3aMEeHOM KOH-
THHYAJHUX (PYHKIMjA, MOJEJIa WK jeJHAYNHA OAroBapajyhuMm JUCKpeTHUM
obsmnuma. Ha npumep, n3Bojie 3aMerbyjeMo KOHAYHAM pa3ankama, a 0ecKo-
HayHe CyMe KOHAYHUM.

Hennneapue mpobsieme decTo perraBamMo TPUMEHOM UMePamueHUL npo-
ueca, Npyu Yemy J00ujaMo HU3 HPUOJMKHUX Pelieha. Y KOJIUMKO OUCMO MOIJIT
Jla TOHOBUMO HMTEPATHBHU MPOIEC DECKOHAYHO MHOTO IMyTa, J00mm OucMo
TAYHO perieme. ¥ MPaKCH, 3ayCTaB/baMO C€ HA KOHAYHOM OpOjy UTepalyja,
a jiodomjamo npubJINzKHO pelierbe Koje ojcTyna o tagnor. [lopehamem 6poja
uTepanyja MOKeMO YTHIIATH Ha MoBehame TAYHOCTH.

[Tpe Hero mTo jJamo jejgan mo3HaT HpUMep HyMepUIKe MeTo/Ie, Koja HacTaje
3aMeHOM OeCKOHa4YHe CyMe KOHAYHOM, MOJICETUMO C€ HEKHX MOjMOBA U3 Ma-
TeMaTu4dKe aHajan3e (pyHKIHja jejiHe MPOMEH/bUBE.

Tejnopos ped: 3a beckoHAUHO MupepeHIjaduIny DYHKIN]Y [ Ha HHTEPBATLY
KOjU caJpyKM TadKe X U a, BayKh pa3Boj v Tejmopos pen:

£0 (k) (g
fw =3 D

YKOJUKO 33JIpyKUMO CaMO TIPBUX HEKOJIUKO 4/1aHoBa 1ej/iopoBor peja, j100u-
jamo ampokcumarnjy byukiuje f, mpeacraBbeny TejopoBuM mOJHHOMOM:

f"(a) f™(a)

21 n!

f(x) = fla)+ f'(a) (x —a) + (z—a)’+... + (x —a)" + Ry (),
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npu demy je R,(z) = f((j::i)(,g) (r — a)™"! rpemka anpokcumanuje, riae je &

HeKa TadkKa KOja IPHUIaJa UHTePBAJIy KOJU CaJIPKU Tadyke T # a.

IIpumep 1. @yuknuja sinx mMoxke ce passuTu y Tejiopos pea obanKa,

+0o i p2k+1
sina =Y (—1)f——.
!
e (2k + 1)!

L ”
[Iponenumo npubanzkne BpeaHOCTH DYHKIHUjE SINT Y TaYKH & AlPOKCHMa-
nujama TejiopoBuM nomHoMoM crenena 1, 3, 5 u 7 y okosmau Tadke a = (:

sine =~ T\(z) =z

. e
smxsTg(x)—x—y
2 axb
smmeg)(x):x—aJra
2 xd T
smx%Tﬂm)—x—y%—a—W
Cana je
T <5> — T~ 0,5235987756
6 6
3
T T T
T (—) T 1 0,4996741794
*\6 6 363
T T 7T3 7T5
T (—):——— T~ 0,5000021326
"\ 6 6 36 56
T <”)—W T T 0.4999999919
"\6/ 6 36 566 Tl6T

C 003upomM Ha TO Ja je TauHa BPEIHOCT sin & = 0,5, Tpemike OBAX AlPOKCH-
manmja, R, (z) = sinx — T,,(x), uznoce:

T, IR,

0, 5235987756 | 0,0235987756
0,4996741794 | 0,0003258206
0, 5000021326 | 0,0000021326
0,4999999919 | 0, 0000000081

| o w3

Ciuka npukasyje rpacduke GYHKIM]e Sin T ¥ BHeHUX alpOKCAMAIIT]ja
Tejsiopoum nosmmnomuma. llopehemem rpaduka MOKEMO BU3YEJHO HPOIE-
HUATHU KBAJUTET alpoKCUMalyja (pyHKIMje, KOju pacTe ¢ noehameM cTernena
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Canka 1.1: Anpokcumaiuje dyrknuje sin(x) TejopoBum moamHOMUMA

[IOJIMHOMa U ¢ 1pubJiMzKaBamheM Tadyke y KO0joj alpoKCUMupaMo (pyHKIuU]y
tauku 0, y K0joj (popmupamo TejsiopoB moimHOM.

I'pernike 3a0Kpy2kKuBamba

Cpako n3padyHaBambe Koje obyxpaTa peajHe (HpallHoHaIHe) OpojeBe moji-
pasyMeBa MOCTOjarbe I'PelllKe 3a0KpyzKuBama. PadyHapu paje camo ¢ 6poje-
BHMa 3aIHCAHIM Ca KOHATHEM OpojeM menmmasa. Ha mpumep, /2 npencras-
Jba OPOj, KOju TMOMHOXKEH caMuM coboMm, maje 6poj 2. MoxKe ce moKazaTu Ja
je V2 upanuonasnan 6poj, Tj. Aa 3amEC 6POja MMa GECKOHAUHO MHOTO JeIH-
MaJsia. Pauynajyhu momohy padyHapa, Mopamo Ja ce OrpaHuYuMO Ha 3alIlnC
¢ KOHAUYHHM OpojeM JienuMaJia, Ia caMUM THM J0Ja3u J0 rpemrke. (OBakBe
I'PeIKe HA3UBA]Y CE 2Pewke 3a0KPYHCUBATHA.

1.1.1 ArnconyTHa m pejlaTUBHA I'pPeIIKa

Ako je x peanan 6poj, a T meroBa NpubdJIMKHA BPETHOCT, TAIA j& ancoiym-
Ha epewka |r — .

Kgraymurer pobujenor npubInzKHOT Pellieha He 3aBUCH CaMO O] BPeTHOCTH
aIllCcOJIyTHe I'pelke, Beh W o7 BeTWInHe TadHe BpemrocTu. Ha mpumep, npu-
OommkHo perrerbe 25034, 83 ¢ ancosyrHoMm rpemkoM 0,01 morio 6u OuTH
JIOBOJBHO J100po, ajiu jacHo je jga 0,002 c auncosryranom rpemkom oj 0,01 ne
6u Owro HE O KakBe KopucTu. OBO Ce peIaBa pa3MaTPAmLEM PeAdmMUEHE
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|z — T
]
BPEIHOCT X, PEJIATUBHY I'PENIKY MOYKeMO MPUOJIUYKHO MPOIEHUTH Ie/beHheM

ca |z|.

MNako je amconyTHa rpellika jeiHaAKa 3a MpeTXOIHa JBa IMpUMepa, pesa-
TUBHE I'PEIIKEe Cy HEeYIOpe/Be: #041’83 =3,99-10""u % = 9.

Taumnocm m3padyHaBamba HAM FOBOPH Y KOjOj MEpHU HPUOJINZKHO PEIerhe
OJICTYTIa OJI TAYHOT PEIeha, MOCTAB/HEHOT MTPOdJIeMa 1 UCKa3yje ce BpeTHOIINy
T'pelTKe U3padyHaBabha.

AKo je 3a7aTa TAYHOCT € ca KOjOM CMO OIPeIIIN NPUOIUKHO pellerhe T
HEKOT TpobJIeMa, MOZKEMO 3aK/bYIUTH 4 TAYHO PelIehe X MPHUIAIA CeTMEHTY
[z —e,Z+¢], 7). |v—Z| <e.

epeurke , Koja je medpmuucana 3a xr # 0. Kama Huje mo3mara Ttadna

1.1.2 3aokpyKHBame u curypHe mudpe

Hexka je peajian 6poj x y JeKaJIHOM 3alUCy
T = £(a10" + 10" . a0 g 10" 4 L)),
[Ipu 3a0kpyxKuBamy Opoja Ha k nudapa npuMemnsyjeMo cieieha npabuia;
® ( ce He Mema aKo je (g1 < O U (g1 = D U (v} j€ TapPHO,
e oy ce nosehasa 3a 1 ako je a1 > D WM Q1 = D U Qy je HEelapHO.

3nauajne yudpe 6poja cy cBe mupe TMOUYEBITH O Mpe HeHyaa mudpe
ceBa. 3a 3HAYAJHY UMDY (y KaXKeMO J1a je cu2ypra yudpa Yy yrHcem cMUCAY
aKo je

|z — 7| < = - 10"+

IIpumep 2. Heka je x = 0,2591821 6poj aar ¢ taanonthy 0,5-107%. To
3Ha4M Ja je ancosyTHa rpemka |z —z| < 0,5-107% 1j. na cy upse 4 3uauajue
nudpe curyphe, u To cy 2,5,9 u 1. CBe nudpe IeCcHO 0O HOCJIEImHe CUT'YPHE
nudpe Tpeda 0I0AIUTH, ITOMITO HUCY curypHe. [Ipu ogdanuBamy HECHTYPHUX
nuapa, nocse/imba curypHa mudpa ce Mema Tako ja oOysje curypua. Hakon
ombammBama HecurypHux nudapa, umamo ga je T = 0, 2592. Saucra, cajga je
|z — x| = 0,0000179 < 0,5 - 107

VKOJIUKO je MO3HATO 3 Hpub/nzkan 0poj uMma k curypaux nudapa, Tajia
3a ATCOJIYTHY I'PEIKY BaxKH Jia je |x _ f‘ < 10n—k+1
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ITpumep 3. Heka je & = 0,2592 upubsuxkua Bpeanoct 6poja x ca 4
curypre mudpe. Onarie MoxkeMo na 3akmbydnmo aa x € [0,25915; 0, 25925],
Tj. nudpe TpuOINKHE U TaYHE BPEJHOCTH HA D. TMO3UIUjU ce PA3IUKY]y 3a
najsume 5. 3a alcoayTHy rpemky Bazxu u aa je [z —z| < 0,00005 = 1-107%,
ma ce U KPo3 MPOIEeHY alCcoIyTHe Ipelike BUIU Ja uMaMo 4 3Haqdajue mudpe.

[Iponeny 6poja curypuux nudapa MOXKeMO U3BPIIUTH U HA OCHOBY OIEHe
peJIaTUBHE TPelike. Y TOM CIy4ajy, 3a 6poj ca k curypuux mudapa (y yxem
cvuciy) Baxuhe ga je

|'T B x‘ . 10—k‘+1 =5. 10—k;

<

N | —

|z]

IIpumep 4. Hexka je £ = 10000 npubsmxknua, a x = 10002 Tauna
BpenHocT Opoja. Tama je amcomyTHa rpermka | — | = 2, a peJaTUBHA TPETITKA,
HM3HOCH ‘x%&‘ ~2-107* < 5-107%, na 3axmyayjeMo 1a HIpHOIHKAH OPOj IMa,
4 3nadajue nudpe.

ArncosiyTHa rpemika ykasyje Ha Opoj CUI'ypHHUX JeNUMAJHUX udapa Hpu-
OmKHOT Opoja, a peJlaTUBHA TPEIiKa Ha YKYIaH Opoj curypHux mudapa.

Pazmorpumo Kpo3 mpuMepe Ha KOju HAYWH OCHOBHE apUTMETHUYKE OTepa-
nuje yrudy Ha O6poj curypHux mudapa y BpeJIHOCTH Pe3yJTaTa.

ITpumep 5. NsBprumo cabupame
2,3+ 3,45 =15,75.

NMako cmo 3amucaiu 2 jenumMaJiie nudpe y 30upy, caMo 1IpBa je CUIyPHA.
Bancra, npeu cabupak MoxKe IpHNaIaTH HHTepBALYy [2,26;2,34], ma 36up
MozKe 1a Oyme 2,26+ 3,45 = 5,71, a takohe u 2,34+ 3,45 = 5,79. OBae uma
CMHUCJIA 33IpKATH CAMO IPBY JAEIUMAJIHY IH(PY, KOJIUKO UX UMa H cabHpakK
ca Mame JenuMaIHuX nudapa.

ITpumep 6. N3Bpriumo MHOXKEHE
1,23 -4,5=5,535.

MNako cmo y pesyarary 3anucanau 4 mudpe, caMo IpBe JBe Cy CATypHeE. Y
OBOM CJly4ajy 3ajipzkaheMo camo 1pse jiBe curypHe nudpe, KOJUKO UX UMa
7 YMHWIAI ¢ Mambe CUTypHux rudapa.
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Hanomena. [lpu onepanujama cabupama win Ojy3uMaiba 3a/pKaBaMo
ucTu Opoj JIeIMMAJTHUX MO3UIIAja Kao OPoj ¢ HajMame CUTypHUX nudapa Ha
JMeTIMAaJTHIM To3unujama. llpum omepamnujama MHOXKeWma WU Je/bemha 3a/p-
JKaBaMO HCTH 0poj curypHmx 1mudapa Kao 6poj Koju MX mMa HajMame. 3a
OpojeBe KOjH yUeCTBYjy V ollepalldjaMa 3a Koje 3HAMO Ja €y IMOTIYHO TadHH,
cMaTpaMo Jia uMajy 6eCKOHAYHO MHOI'O CUT'YpHHX Iudapa.

IIpumep 7. Pemaamo cucTeMm JTUHEApHHUX jeHAYUHA 3a HEIO3HATY ¥:

0,2037x 40,3122y = 0,8472
0,4082x +0,6247y = 0,9745

Hajmpe hemo u3BpmuTn n3padyHnasambe ca 3 3HadajHe nudpe, 3aTuM ca 4, n
Ha Kpajy ca 10 3nauajuux mudapa.

o Hszpauynasare ca 3 3navajne yugdpe. 3a0KpyKyjeMo cBe OpojeBe y
movYeTHOM 1pobseMy Ha 3 nudpe, Kao u cBe Mmehypesyiarare.

0,204z + 0,312y = 0,847
0,408 + 0,625y = 0,974

Muoxkumo npBy jeanauunny koedurujearom —0,408/0,204 = —2,00 u
cabupamo ca JpyroM jeTHAYMHOM, IIPHA YeMy JIpyTra jeHAaInHa [10CTaje:

0-240,001y = -0, 720,
1j. y = —720.

o Izpauynasare ca j 3nauajre yugdpe. 3aap:raBamMo cBe 3HAYajHE U pe
u Mehypesy/iTare 3a0KpyrKyjemo Ha 4 jpemumasie. MHOXKNUMO NPBY jeI-
Haunny Koedurujerrom —0,4082/0,2037 ~ —2,004 u cabupamo ca
JPYTOM jeTHAYMHOM, TIPH YeMy JPyTa jeJHadYnHa Hocraje (HAKOH 3a0-
KpyzKuBamba Ha 4 JenumMasse mudpe):

0-2—0,0009y = —0, 7233,
Tj. y = 803, 7.

o lspauyrasare ca 10 3navajnur yugpapa. 3agprKaBaMo CBe 3HAYAjHE
nudpe u Mehypesyarare 3aokpyxyjemo Ha 10 germumara. Muokumo
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upBy jeanaunny koedurmjenrom —0,4082/0,2037 ~ —2,0039273441 u
cabupamo ca JpyroM jeJHaIUHOM, ITPU YeMy JPyTa jeTHAYMHA ITOCTaje
(HaKOH 3a0KpyzKUBatba Ha 10 germumaanux nudapa):

0.z —0,0009261168 y = —0, 7232272459,
Tj. y = 780, 9244426837.

Hamomena. Ilpenopyka je jia ce 3a0KpyKHUBaibe BPIITH HAKOH MOCEIIHEr
U3padyHaBaba, & He HAKOH CBAKOI KOPAaKa.

1.1.3 ¥YcaoB/peHOCT mpobJyieMa U CTAOMIHOCT aJITOPUTMA

Baxkny yJsiory y HyMepUYKOj MaTeMaTHId UMajy TOJMOBU YCAO8HEHOCTIIU,
npobaema u cMAOUAHOCTIU AA20PUMMGA, Tj. HYMEPUUIKe MeTOJIe.

[IpobueM je sowe ycaosmen YKOJUKO MaJje MPOMeHe V YAa3HUM HOIali-
Ma TPOU3BOJe BeIuKe MpOMeHe y pe3yaTtary. Moke ce necuTu Ja 3a TakaB
npobJieM He MOCTOjU AJTOPUTAM KOjH MOXKe Ja MPOoM3Bee 3a10Bo/baBajyhe
pememe. [loneka Takas npobsem Mozkemo pemutu ojpehenom mopuduka-
mjoM (HOp. TpaHcGOPMANUjOM CHCTEMa JTHHEADHUX jeJTHAYHHA).

ITpumep 8. Cucrem jejnadnna:

r+4y=>5
x +4,00001y = 5,00001

nMa peretbe x = 1, y = 1. IlocMaTpajMo cajga MaJIo n3MemeHe jeTHaunHe:

r+4y=5
x4+ 3,99999 y = 5,00002

Permeme oBor cucrema jegnaunna je x = 13, y = —2. YKOJUKO ITPUXBATIMO
Jla CYy OB€ BPEJIHOCTH pelleiba IOJA3HOI CUCTEeMa, JOOWIN OUCMO Ja JecHa
cTpaHa jeHAKOCTH UMa BpeaHoctu 5 u 4,99998, mrro je OJUCKO TOJTA3ZHUM
BPEJHOCTUMA.

[IpoGsiemu Koju cy Jiole YCJIOBJ/AeHU HEMa]y jeJHocTaBHa pelnema. [lone-
KaJl je y popMyucamy mpodaeMa Moryhe u3BpmiuTu ogpehere Mmogudukanuje,
KOjUMa ce OBaj 1po0JIeM IIPeBa3uIas3u. YCJIOB/LEHOCT HPobeMa He 3aBUCH O
n300pa MeToje KOjy IIPUMeryjeMo.
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Cmabusrnocm Hymepuuroz aN20pumMa OTHOCH Ce Ha TO y KOJOj MepH je
MeTO/Ia IPEIU3Ha, Tj. KOJUKO IPUOJIUKHO perierhe Koje 1001njaMo TpUMeHOM
MeTO/ie OJICTYIIa OJi TAYHOI pellema IIpobieMa KOju pemaBaMo. Ajaropuram
MOKe MMATH PAa3JIUYHTe HUBOE HYMEPHYKEe CTAOUIHOCTH, HOIITO Ce MHOTA
n3padyHaBamba MOT'Y BPIIUTH Ha BUIIE HAUMHA, KOJU Cy aJredapCku eKBUBa-
JIGHTHU, /11 MOT'Y TIPOM3BECTH HYMEPUYKU PA3JIMYUTE PE3yJITaTe.

IIpumep 9. [10] @yukuujy e* moxkemo npeicraButu MakIopeHOBUM
peJIoM, 3a CBe KOHAYHEe BPEJIHOCTH T,

oo 5

x
et = Z—
n!

n=0

[Toka3yje ce Ja 3a MO3UTUBHE BPEIHOCTU IPOMEH/bUBE X U 3a OJroBapajyhn
Opoj cabupaka MaKJIOpEHOBOI' pejia MOKEMO JOOUTH 3aJI0BoJbaBajyhe mpu-
OmKHe BpeaHocTu 3a GYHKIMjY e®. MehyTum, 3a HeraTuBHe BPeIHOCTH T
MOXKE C€ JIECUTH JIa JT00MjeMO BPeTHOCTH KOje 3HAYaJHO OJICTYHAjy OJ TAYHUX,
7 9aK MOTY Jia ce pa3juKyjy mo 3uaky. OBaj mpobsieM MOXkKe ce mpea3uhu
MOJAUMDUKAINAJOM aJTOPUTMA 38 HEeraTHBHE BPEJIHOCTH T, HA cjejehu HAadMuH:



I'1aBa 2

Henuneapne jegnaunne

Pemasamo nejiuneapny jejinauuny obJiMka:

f(z) =0. (2.1)

Pemema oBe jennadunne Has3suBajy ce u ny.se dyrruyuje f.
Y oBom moryiaB/by hemo mompa3ymeBaTtu ga je (PyHKIHja f HENPEeKHIHA
Ha WHTepBaIy [a,b], mTo o3navaBamo ca f € Cla, b].

2.1 Jlokanam3alnuja pelnema je JTHAYNHE

Tauno perreme ¥ HEeUHEAPHE jeHAYUHE ATTPOKCHUMHPAMO TPUOIUZKHUM
peremeM T, 100ujeHruM aIeKBaTHO ojlabpanoM MeToJ oM. be3 o63upa Ha TO
KOJY HYMEPUUYKY METOJIY KOPUCTHMO, HAJjIpe je MOTPeOHO OJPEeTUTH KOJIUKO
peleba MOCTOJU U JIOKATH30BATH CBAKO O] IHUX.

Jlokaauzayuja pewersa je nponec onpehupamba naTepBasa [a, b] koju caap-
Ku peretbe ¥ jepnaunne f(z) = 0. Hakon mro JokanamsyjemMo pelema,
MOXKEMO JIa MPUMEHUMO aJeKBATHY HYMEPUUYKY METOJy KOjoM ojpehyjemo
npubJIMKHO peniembe T € [a,b] jennaunne. [la 6u uaTepBat |a,b] cagpxkao
pemteibe jennaunne f(z) = 0 morpebHO je ma Oyie HCIYHEH yCI0B:

fla) f(b) <0. (2.2)

Jlokanuzanujy pemniema MOKeMO U3BPIIHTH HoMohy ckuile rpaduka (byHKIuje,
Ha OCHOBY Koje oznpehyjemo unrepsad [a, b] Koju canpzku pememe r* jeHaqune.
Takobhe, moxkemo ofapeauTu BpegHocT MyHKIHje f y HEKOJUKO Ta4aKa W HA

10
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OCHOBY TOT'a HPOIEHUTH HA KOM HHTEPBajy (DYHKIH]a MEHha 3HAK. Y KOJIUKO
je/IHAYMHA UMa, BUIIIE OJI jeJIHOT pelleba, MPUMebyjeMo oabpany MeTory Ha
Pa3IHIUTUM HHTEPBAJINMA Ha KOJUMa CMO JIOTUPAJIN pellerhe.

Cras 2.1 Axo je Ppynxuyuja f nenpexudna na unmepsasry [a,b] u axo sascu
f(a) f(b) <0, mada na unmepsanry (a,b) jednauuna f(x) =0 uma 6ap jedro
peuerse.

Cras 2.2 Axo je ynruyuja f nenpexudua na uwmepsany [a,b], f(a) f(b) <
0 uw ako je [ monomona Pynkyuja, mada na uwmepsasry (a,b) jednauuna
f(z) =0 uma mauno jedno pewerve.

Teopema 2.1 (Teopema 0 MpOIEHH I'PEIIKe TPUOTUKHAM H3PALYHABAHEM
pemewsa jennaunne) Hexa je f € Cla,b] dudepenyujaburna dynryuja. Axo
je x* € |a,b] mauno peweroe jednauune f(x) = 0, a T rweno npubAuUNCHO
pewerve, u axo je 0 < my < Iél[it%)] |f'(x)| < 00, mada easrcu npoyena:

re|a

)

|f(2)]

lz* — 7| <
my

(2.3)

Hoxas. Axo na oxceury (z*, ) [(Z,x*)] npumennmo JlarpamkoBy Teopemy o
Cpeam0j BPEIHOCTH, UMaMO 713 je

f(@) — f(=7)

T —x*

= f/(g)v 5 € (:L’*,(f:) - 5 =  — f/(§)7 f € (.CE,CC*)

C o6zupom Ha 1O ma je f(z*) =0, Baxku ma je

<

2.2 Mertoaa nmoJIOB/b€HA MHTEPBAJIA

Mero/1a no10B/beHa NHTEPBAJIA je MeTO/1a ITOCTeleHe mpeTpare, y Kojoj ce
UHTEPBAJ HA KOME je JIOIUPAHO PEIIehe TIOJIOBH Y CBAKOM KOPaKYy. Y KOJUKO
dyHKIHja Meba 3HAK HA HHTEPBaJIy, HPOIeIbyje ce 3HaK (DYHKIMje Y CpeTulli-
0] TAYKU WHTEpPBaJIa. 3a NPUOIUKHY BPETHOCT pellemha jeTHATNHe y3uMa
ce CpeJlulimba TavyKa 1oJUHTepBa/a Ha KoMe dyHKIMja Mema 3Hak. [Iporec
ce TIOHaB/ha KAKO OMCMO JOOU/IN TPEIU3HEje IIPOIEHE PeIIeha.
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HaBO,ZLI/IMO AJITOpUTaM 3a METOAY IIOJIOB/bEIba MHTEPBAJIaA:

KOPAK 1: JIOIIMPATHU PEUIETHE JEAHAYUHE HA UHTEPBAJTY
[ag, bo], TAKO JIA JE UCIIYEBEH YCJOB f(ag) f(by) < 0.

KOPAK 2: OJPEDYJE CE [IPUBJIN?KHA BPEJHOCT PEIIEHA CA
_ ag + bo
g = .
2
KOPAK 3: BPIIMMO MPOILIEHY KOJA ITOJIOBUHA UHTEPBAJIA

CAIP2KI1 PEINIEBLE JEAHAYNHE:

e Axo je f(zy) =0,

Taga je r* = @ pelremne jeTHaInHe.

e Ako je f(ap) f(Zo) <O,
IIpe3HavaBaMo aq := ag, by := Ty

u Bpahamo ce Ha KOPAK 2 ca a; u b;.
e Ako je f(fio) f(bo) < 0,

pe3HavaBaMo ai ‘= T, b1 := by
u Bpahamo ce Ha KOPAK 2 ca a; u b;.

OBI/IM IIOCTYIIKOM (bOpMI/IpaMO HHU3 YMETHYTHUX HMHTEPBaJIa
e [CLQ, bg] C [al, bl] C [CL(), bo],

IpU Y€MYy CBAKH OJ IbUX CAJIpXKU pelnerhe T* jeTHadmHe.

IIponena rpeinke

[TorpebHO je mpoIEeHUTH Kajia CTajeMO ¢ IOCTYHKOM. Y KOJHUKO jé TA9HOCT
¢ Kojom Tpeba Ja OApearMO pelieme jeaHaduHe £, 300T MOCTYIKA KOJUM
ojipehyjeMo puOINZKHO pellerhe, BaxKu Ja je:

b, —a bo — Qo
" — 7, | < = = < <e.
2 2n+1
N3 yciioBa bg;flo < g, oapebhyje ce 6poj urepaija n 1O0JOB/bEHHA UHTEPBAJIA
nmoTpedbHUX 7a OM ce MOCTUTJIA 3aXTeBaHa TAYHOCT.
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1. MerogoM 110/10B/bemba HHTEPBAJIA PEIIUTH je[HAdHHY
flzy=e*—2=0
ca Taunomhy € = 5 - 1072,

Pemteme. Hajupe npornermyjeMo KoJIMKO pelnema noctoju. Jla 6ucmo
U3BPIIUIN TTPOIEHY, IPEICTAaBUMO 33/1aTy jeTHAUYUHY Y U3MEHEHOM O0TUKY:

€ = X.

[Ipeceune tauke rpacduka dbynknuja e”* u x cy nyae byaknuje f.

x

Cauka 2.1: Jlokanu3amnuja pemema jeanadnde e ¥ —x =0

CkunupamemM rpaduka oBux (pyHKIHja IMPOIEHYjeMO J1a 3aJaTa jeHaInHa
MMa jeTHO pelliere, Koje npunajia uarepsaiy [0, 1]. Baucra, Bpeanoctu yHK-
nuje f y KpajeBUMa MHTepBaJia Cy CYIpPOTHOT 3HAKA:

£(0) F(1) = 1-(—0,632) < 0.

PopMupaMo HU3 YMETHYTHX WHTEpPBaJa, P 9eMy MOYeTHU WHTEPBAJI O3Ha~

quMo ca [ag, by = [0, 1]. TIponernmo Hajpe KOJMKO je mOTpeOHO yMeTHYTHX
MHTepBaJIa KaKo OMCMO MOCTHTJIN 3aXTeBaHy TadHocT € = 5-1072. Ha ocHoBy
bo — Qg .
nporeHe < g, UMaMo Ja Je
on+l  — ’

1-0 -2 n+1 1 2 _
G <0107 = 2> 2107 =20 =5 0 >3,322
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Jlakse, joBo/bHA Cy 4 TOJIOB/bEIbA MHTEPBAJIA J1a OU Ce MOCTULJIA TParKeHa
TAYHOCT.

0 1 0,500 1 —0,632 0,106
0,5 1 0,75 10,106 | —0,632 | —0,278

0,5 0,75 0.625 | 0,106 | —0,278 | —0,090
0,5 10,625 | 0,5625 | 0,106 | —0,090 | 0,007
0,5625 | 0,625 | 0,59375 | 0,007 | —0,090 | —0, 041

Blwli =IO S

Hakon 4 nosiop/bema HHTEpBaIa J00UIH CMO JIa je TPUOIUKHO pellerbe T, =
0,59375. C 003upoM Ha MOCTUTHYTY TAYHOCT pellerba, Of 3Hadaja cy Ham
camo 1pBae JiBe 1mudpe, 1ma MOXKEMO Jia TUIIEeMO:

Z, = 0,59.

3agaim 3a BexKOy

1. Uspauynarn Bpeasoct /5 IPUMEHOM METOJE MOJOBIbEHa HHTEpPBAIa Ca
3 curypmue mudpe.

Pesysrrat. Bpoj /5 je peanmo pemmerse jeanauanme 25 — 5 = 0.
V51,71

2. MeTom0M mOJIOB/Bema THTepBaIa ca Taunonthy 5-1073, pemuTy jenaanmy
e’ —2=cose’ — 2.
Pezynarar. x ~ 1,004
3. MeTo10M 10JIOB/beH>a HHTepBaJia ca Taunomhy 5-1073, pemury jetnadauny
r =2sinzx.

Pezynrar. Kopuctutn HemapHoCT (DYHKIH]E.
T12 =~ :i:l, 8947 r3 = 0.

4. MeTo/10M TI0JI0B/beIba HHTepBaIa ca Tadnomhy 5-1072, onpenTu HajMame
HHO3UTUBHO DCIICHC je,ZLHa‘{I/IHe

T =tgux.

Pezynrar. = ~ 4,496
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2.3 Meroaa mpocTe mTeparliuije

[Ipobuiem pemapamba jennaunte f(x) = 0, 1j. onpeluBamwe Hyaa dbyHKIHje
f, Moxke nma ce npedopmyuiie Ha ciaegehn HaTwH:

g(r) =z,

3a HeKy byHKIUj)y ¢g. OBakBa MoauduKanymja mpodieMa HHje jeIMHCTBEHA.
Ha oBaj nauun npob/ieM ce cBOIU Ha oapehuBaibe Henokpemme mavke @yrr-
yuje g(x), Tj. Tauxke r* Koja je pememe jemmaunue r* = g(x*). OBaksa
dopmynammja npobyaema TOBOIN HAC 10 memode npocme umepayuje. Hajupe
pasMoOTpUMO yCJoBe moj Kojuma (byHKuja ¢g(x) nMa HEemoKpeTHy Tadky u
KaJa je OHa jeIMHCTBEHA.

Teopema 2.2 Heka je ynruyuja g nenpexudna na unmepsanry [a,bl. Axo je
a < g(x) < b 3acearo x € [a,b], mada g uma HENOKPEMHY MAUKY HA UHMED-
sanay [a,b]. Jodamno, axo je g dupepenyujabusna na (a,b) u axo nocmoju
konemanma 0 < k < 1, maxsa da sa ceaxo v € (a,b) sascu

lg'(2)] <k,
maoa g uma jeduHcmeeny HENOKPEMHY MaywKy.

oxas. Axo je g(a) = a nam g(b) = b, Taga g MMa HENOKPETHY TAYKY y jeIHOM
07 KpajeBa mHTepBaja. Y CyIpOTHOM, Mopa BaxuTu aa je g(a) > a u g(b) < b.
Tana je dyukumja h(zr) = g(r) — x HenpekugHa Ha [a, b], Baxu 1a je

h(a) =g(a) —a >0, h(b) = g(b) —b <0,

na nocroju tadka ¥ € (a,b) 3a xojy Baxu ga je h(z*) =0, 1j. g(z*) = z*.
[pernocrasumo aa je |¢'(z)| < k < 1w ma cy z*,y* € (a,b) Henokperne Tavxe
dyHKIHI]E ¢g.
Ako npernocraBumMo Ja je ¥ < y*, Ha 0CHOBY JlarpankoBe TeopeMe 0 CPeJboj

BpenHOCTH cjaeau na nocroju & € (z*,y*) Tako ma je %ﬁﬁy*) = ¢'(¢). Onarne
cemn

2" =y = lg(a") — gy ) = lg' Ol [z" =y < k2™ =y < |z —y"],
IIITO je KOHTPAJUKIIN]A, 11a 3aK/bydyjeMo ma je x* = y*. O
Axko je g HenpekuiHa (PYHKIM]A 32 KOjY 3HAMO 18 Ma HEMOKPETHY TAUKY
Ha WHTEPBATY [a, b], MOKeMO mpobaTH Ja 0P IUMO Ty TaYKy U3PadyHABAjY-
fim Bpeanoctu g(z), 3a Hexo x € [a,b]. Hekama nuje morylie onpeaurn Tauny

BpeJHOCT HeloKpeTHe Tadyke. HapejHa reopeMa Jiaje ycjioBe U HAUUH HA KOjU
ce MOZKEMO MPOU3BOJHHO MPUOIUKHUTU TOj BPETHOCTH.
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Teopema 2.3 Hexa je gynryuja g nenpexkudna na [a,b] u a < g(x) < b 3a
cearo x € [a,b]. Jlodamno, nexa je g dugepenyujaburna na (a,b) u Heka
nocmoju xKonemanma 0 < k < 1 maxea da je |¢'(z)| < k, 3a ceaxo x € [a,b].
Tada 3a npouseonro o € [a,b] nus dedunucan ca x, = g(x,—1), (n € N),
Koneepaupa Ka jeduncmeenoj nenokpemmuoj mauku x* € |a,b] dynryuge g.

Zlokas. Ha ocHOBy mperxomHe TeopeMe 3ak/bydyjeMo Aa (PYHKIHja ¢ HMAa
je/MHCTBEHY HenokperHy Tauky x* Ha uHTepBasy [a,b]. Takole, 36or Tora mro
g(z) € [a,b] 3a cBako x € [a,b], nus {z,}'°7 je n06po sedunncan u npunaza
unrepsaiy [a,b]. Ha ocuoBy yciosa Teopeme u JlarpaHxose Teopeme 0 CPeOj
BPEJIHOCTH BaxKM JIa je

20— 27 = g(@n_1) — 9(&") = g/ Ea)] [ 301 — "] < ki |n_1 — 2,
rae &, € (a,b). Uanykuujom mobujamo ma je
|zn — 2% < k|zn_1 — ¥ < k2 |zp_s — 2| < ... < K" |zo — 2.
N3 yesosa 0 < k < 1 cienu jia je
i e 27| < i o —2°] =0,

rj. lim =z, = z*. O
n—oo
C o63upom Ha TO 1a dhopmynanuja mpodaema f(x) =0y obnuk g(z) = x
HUje jeJMHCTBEHA, 3a1IpaBo roBopuMo o damminju Meroga. Memoda npocme
umepayuje nedpuHNCAHA UTEPATUBHUM ITOCTYIIKOM

Ty = g(Tp-1), (n€N), zo € [a,b] (2.4)

obyxmara u omabup oarosapajyhe dbyukiumje g 3a uHTepBaT [a, b).
Mozke ce moKazaTu Ja Baxku ciaefela mocaeauna IpeTxogHe TeopeMe:

IMocnaenutia 2.1 Axo pynuxyuja g ucnyrasa yeaose Teopeme mada easice
caedehie ouene 3a 2pewky memode:

|z, — 2% < k" max{xq—a,b— z0}

n
|z, — 2% <

—1-k

|z1 — xo|, (Vz € (a,b)).
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YKouKO je morpebHO Jia u3padyyHamMo HPHOJIUZKHY BPEJIHOCT peIieiha
[IOCTaB/hEHE jeJIHAYUNHE Ca TAdHONINY £, MOXKeMO OJApeanTH rnorpedan 6poj
nTepanuja n u3 OleHe:

kn
1—k
AJrTepHATHBHO, MOXKEMO 3ayCTABUTU WTEPATHUBHU HPOIEC Kada Ce MOKJIONe
BPEIHOCTH JIBE CYCE/IHE UTEPAIIHje.

|l’1 — .730| S E. (25)

2. MerojioM npocre urepanje oJpeJuTu CBa pelletba jeTHAYnHe
x
f(x) =ch <§> —x=0

ca Tagnomhy ¢ = 5- 1073,

Pemneme. 3anumumo jeJHAUNHY V €KBUBAJICHTHOM OOJUKY

ch (g) =ux,

upu demy je g(z) = ch (%) CkuruparmeM rpaduka dbyHskiuja () u x MoxKe-
MO TIDOTIEHUTH Ja jeJIHaUWHa, UMa, 2 peliema, Koja MPUIafajy WHTepBaInMa,

1,2] u [4,5].

Cnuka 2.2: Jlokanmzanuja perrema jeqHadune ch (%) —x=0

Hajupe oapennmo npubauzkuy Bpeanoct T € [1,2]. opmupamo urepa-
TUBHY METOLY
Tpi1 = ch (0,5x,).
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Baxu na je 1 < g(z) <2 3a cBako z € [1,2].
Ba z € [1,2], Baxu ma je |¢'(z)] = 10,5sh (£)] < 0,5876 < 1, nmajyhn
y BHJY Jia je oBO pacryha dyHKIuja, ma Ha ocHOBY Teopeme MOZKEMO
IPUMEHHTH OBY MTEPATUBHY MeTody 3a ojpehuBame perrema Ty, ca g = 1.
3a KpuTepujyM 3aycTaBbama MokeMo npuMenutu oueny (2.5), 3a k = 0,6,
T].
: 0,6"
1-0,6

3a n =9 ucnymweHa je oBa OIEHA, Ia cTajeMo mocje 9 ureparmja.

11,1276 — 1] < 5-107%,

Tn(= g(Tn-1))
1
1,1276
1,1632
1,1740
1,1773
1,1783
1,1786
1,1787
1,1788
1,1788

OO U x| W N~ O3

C o03upoM Ha MOCTUTHYTY TAYHOCT, NIpBe 3 JeNuMaJje Cy CHTYpHe, Ta je
Z1 = 1,179. Nako cMo yHampeI oapeauwan Opoj uTepalnuja, BUIAMO Ja Cy Ce
BPEIHOCTH UTeparyja nokjaonmie sa 4 nermumMaste y 8. u 9. urepanmjn.

OnpeuMo TpUOANKHY BPETHOCT ApYror pemema To € [4,5]. Kako je
speanoct |¢'(x)| > 1 ma marepsany [4,5], He MOKEMO HCKOPHCTHTH HUCTY
dopmyaanujy mpobaeMa Kako OMCMO MPUMEHUJIE METOY HPOCTe UTepallnje.
[IpecdbopMmyauIuMo jeaHavduwHy Ha caegenu HaunH:

2

T
r=——
ch (3)
U O3HAYUMO ca g1(x) = #Qx) Baxu na je 4 < gi(x) <5 3a cBako x € [4,5].
{3z

Mozxe ce nokazaru ja je |¢)(x)| onamajyha dynknuja na uarepsamy [4,5] u
ma je |g1(z)] < 0,38034. @opmupalieMo nTepaTUBHU IPOIEC:

T
ch (%)

2
n
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ca MOYeTHOM TadyKoM uTepanuja ro = 4. lV3pauynaBamem ca 4 jpernumasie
J100mjamo:

n | 2u(= g1(T01))
0 1

1 1, 2528

2 14,2536

3 14,2536

30or mokamama BpeITHOCTH HA 4 jenuMane v 2. U 3. UTepanuju, a uMajyhn
Yy BHJY 3aXTeBaHy TAYHOCT, CTajeMO IMocjae 3. urepanuje. AKO MPUMEHUMO
047 14,2528 — 4| < 5-1073, nobujamo 1a je

KPUTEPH]YM 3ayCTAB/bAhA 1 y To0d

OBa OTleHA HNCIYHeHA 34 1 = 0.
C 0063upoM Ha MOCTUTHYTY TAYHOCT, IIPBE 3 JelUMaJe Cy CUI'YpHe, Ia je
To = 4,254.

|
3agaiuy 3a BexKOy
5. MerogoM mpocTe uTepanuje ca taunomrhy 107°, pemuTu jeiHadnny
23 —20—-5=0.
Pezynarar. x ~ 2,09455
6. MeTomom npocre urepanuje ca Taunomhy 1074, pemmuru jennauuny
r+ 2sin7xr = 0.
Pesyarar. x; ~ 1,2060, x5~ 1,6820
7. Metonom mpocte uTepanuje ca Taanomhy 1074, pemuTu jetmaunny
e = 322

Pesynrar. 1 ~ —0,4590, x5~ 0,9100, z3=~ 3,7330



I'JIABA 2. HEJ/IMHEAPHE JE/JHAYNHE 20

2.4 TIbyTHOBaA MeTOIA

Pemasamo jegnaquny f(z) = 0. Heka je pereme JonmupaHo Ha HHTEPBATLY
[a,b], npu demy je dyHKIUMja f ABA MyTa HEIPEKUIHO-IUMOEPEHINja0UTHA
Ha uHTepBaty [a,b], y ossanu f € C?[a,b] u neka je zy € [a,b] noyerna
anpoxcuManuja pemema. Ha ocnoBy Tejioposor passoja dhyHKIHje 38 TAYKY
X Y OKOJIUHU Ty MOXKEMO Jia 3alUIIeMO:

f"(€)

f(@) = f(xo) + f'(20) (x — 20) + T (x — 20)?,

3a Heko & mamely = u z. Y3mumo na je z = x* 3a koje je f(z*) = 0. Ako 6u
dbyukiuja f Omaa AuHEapHA, BaXKUI0 OU Aa je apyru u3Boz cByriae 0, ma ou
pererse jenHadnHe y ToM caydajy omno 0 = f(xg) + f'(x) (z* — x0), onakie
6ucmo gobmwin Ja je x* = xo — f(x0)/f'(x0). 3a venuneapuy byuxmujy f
y3eliemo 11a je ciaejgeha ampokcuMaliija perierbha j1aTa HCToM (DOPMYJIOM, Tj.

f(zo)

/(o)

Y3uMmajyhu 3a HOBY allpOKCHMAITH]y Pelllelha TaYKy 1, TOHAB/BAMO MOCTYIIAK
1 HA OBaj HAUMH JI0OMjaMO UTEPATUBHH IIPOIIEC:

_ f(xn)
Tpt1 = Tp — f,(xn) .

OBaj u3pas upeacrasba Fbymuosy memody, Koja ce joIn Ha3uBa U Memoda
makezenme, 3007 leHE PeOMETPUjCKe WHTEPIPETAIIN]e.

Ty = Ty —

(2.6)

I'eomerpujcka muaTepuperanunja EbyrHoBe merose

[TocraBumo y tauku (x,, f(z,)) Tanrenty t na rpadux dbyuxmuje f(z),
qrja jelHaYnHA TJIaCH:

t: fil@) = f(@a) = fl(2a) (2 — 20).

Axo cana pemasamo jegnaunny fi(z) = 0 1 03HAYAMO EEHO PElIehe Ca Ty i1,

ao6ujamo 1a je fi(xni1) — f(2n) = f(2n) (Tns1 —2n), a Kako je fi(xp41) =0,
UMaMO ,Ha BazKH1
f(xn>

n

3anpaBo, TauKa &,1 TpeJcTaB/ba MTPECedHy TauKy TaHTeHTe ¢ M alCIuCe.
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b o ———————

T3 X2 xy

8
o

Chuka 2.3: Teomerpujcka unrepuperanuja Fbyraose merosme

Ycaosu kouBepreniuje EbyrHoBe meroae

Hapenna Teopema faje o1roBop Ha IUTaba MO KOjUM yeaoBuMa FbyTrosa
MeT0/Ia KOHBEPIupa, Ha KOju HaYMH OUpaMO MOYeTHY TauKy UTepaluje u Koja
je oleHa Tperntke MeToJIe.

Teopema 2.4 (Teopema o kousepreunuju Ebyrnose merone) Heka je dhymk-
yuja f € C?[a,b] u nexa eascu da je:

1. f(a) f(b) <0,
2. f'(z) # 0 3a cearo = € [a,b),
3. " ne merwa 3nak na unmepsany [a,bl.

Yroauro 3a nowemny mauky umepayuje odabepemo o € [a,b] maxo da je

f(zo) f"(20) > 0, (2.7)

mada umepamusny Hu3d depunucar Fbymmnosom memodom kousepeupa xa
jeduncmeenom pewery x* jednauune f(x) = 0. Ipu mome saswcu caedehia
ANCOAYMHG OUEHA 2PEULKE:

M, 5

|l’* - xn' S Q_TI’Ll (:En - xn—l) )

ede je 0 < my < |f'(z)| u |f"(z)| < My 3a ceaxo x € [a,b].
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YKouKO je morpebHO Jia u3padyyHamMo HPHOJIUZKHY BPEJIHOCT peIieiha
[IOCTaB/bEHE jeJIHAYNHE Ca TAYHONINY €, MOXKEMO MPUMEHUTH cjejehu Kpu-
TEPHUjyM 3ayCTaB/hakha UTepalmja

M
2—77121 (T — 20 1)* <o,
OJTHOCHO:
2mqe
|0 — Ty | < M; : (2.8)

Ha camkama mcmo mpuwkasaHd €y caydajeBu Kaja EbyTrHoBa MeTona He
KoHBeprupa. [Ipmmernmo 1a oBaj mpobeM YTIIaBHOM MOYKEMO DENTUTH TO-
TOJHUJUM OJA0MPOM TTOYETHE TAauKe HTePAIhje Xg.

Moaundukopana HbyrHoBa meToma

Mozxemo samenutn f'(x,) ca f'(xg) y cBakoj urepanuju HhyrHoBor nre-
paTWBHOT TIpoIieca, Tj.
f(@n)

T )

OBakBa MoanduKaImja ycrnopasa mpoIec KOHBEPTEHIIN]e.
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3. I_byTHOBOM METOAOM OApeJUTH CBa IMO3UTHUBHA peliciba jeﬂHaqHHe
fx)=e"+e " —4=0
ca taunomhy ¢ = 0.5 - 1074,

Pemteme. Hajupe je morpedHo Ja JIOKAJIM3YjeMO pelieiba HOCTaB/heHe
jennaunne. 3anucahemo jegHaduny y o0JIUKY:

4— e =77,

CkunupameMm rpaduka GyHKIHF]a ¢ JIeBe U JeCHe CTPaHe jeTHAKOCTH MOXKEMO
IPOIEHUTH ¥ KOM Ce HMHTEpBaJIy Haaa3e MO3UTHBHA pelleha.

Crnka 2.4: Jlokann3alyja TO3UTHBHOT pellera jegHadnne e 4+ e 3% —4 = (

Ha ocHOBY CKuIle MOXKEMO 3aK/bYUUTH JIa C€ JeJMHO HO3UTUBHO PEIICHe
jenHadmne Hasma3u Ha wHTepBaTy [1,2]. Sancra, Baxku na je

F(1) £(2) = (—1,23193) - 3,39153 < 0.
[Tpoeepumo ocrane ycaose Teopeme IIpBu n apyru usson dynkuuje f
cy:
fl(z) =e" — 3™
f”(l’) — e 4 96_3:5

u oba cy mosurmBHa 3a r € [1,2]. Ilpeu um3Boj je pacryha dyuknumja,
pasauuuTa oj Hyse Ha [1, 2], ma Baxu ja je

min | f'(z)] = f(1) = 2,56892 = m;.

[1,2]
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3a Apyru W3BOJ JOBOJBHO je J1a OJIPEINMO TOPHE OTPAHUICHHE:

max |f”(z)| = max |e” 4+ 9e *| < * + 9e~? = 7,83714 = M.
z€[1,2] z€[1,2]

HrepatuBHEU mporec je gar ca:

f(zn)

Tpy1 = Tp — f/(l' )
n

3a movueTHY BPEIHOCT UTepaIyje ro OUpaMo TauKy To = 2 3a KOjy je UCTIYHeH

yeaos (2.7):
f(2)f"(2) > 0.

Kpurepujym 3aycrasbama urepanuja oapeben je ca (2.8)):

Imye 2.9.56802- 0,5 - 104
[ = Tn-i] \ " \/ 7.83714

@opmupaMo Tabesy:

Tn f(zn) f(zn)
2 3,39153 | 7,38162
1,54054 | 0,67695 | 4,63760
1,39457 | 0,04848 | 3,98751
1,38241 | 0,00030 | 3,93707
1,38233

BSlwlol ol 3

Kpurepujym 3a 3aycrap/batbe urepalinja je uciymeH 1ocjie 4 nrepaiuje:
|zy — x3| = |1,38241 — 1,38233| = 0,00008 < 0,00573.
[IpubinKHO pelierbe moaa3He jeHaInHe je:

7 = 1,38233.

3agaiu 3a BexKOy

8. IbyTnosoMm MeronoMm ca Taunomhy 1074, pemmuru jenmaanny

e® = 222
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Pesynarar. 1 =~ —0,5398; x5~ 1,4880; x3~2,6179

9. IbyrnosoMm Mertomom ca Taunomhy 107*, ompenutn Hajsehe meraTusHO

pererme jeTHaunHe
e® = sin ¥
5
Pesynrar. xr ~ —3,0454

10. IhyTHoBOoM MeTo10M ca Taunonthy 1077, ofpe Ty cBa HO3UTHBHA pellerbha

jeTHadMHE
Inz+2°—3=0.

Peszynrar. = ~ 1,59214
11. IbyrnoBoM MeTo10M ca Taunomhy 107°, opeuTu cBa pellera je JHadrHe
cosx = 2°.
Pesynrar. 7,5 ~ £0,82413

12. IbyTrrosoMm MeTonoM ca Taunomhy 10™4, onpenTn ca pemema jenadnme

—3x =0.

2
T +:1:+1

Pesyarar. 1 ~ —1,1987; x5~ 0,2865; x3~ 2,9122

2.5 Merona ceunrie

HbytHOBa MeTo1a 3aXTeBa M3padyHaBambe BPETHOCTH NPBOT W3BOIA (DYHK-
nuje, MTO y HEKUM CIydajeBHMa MOKe 3HadajHO OTeXKaTH M3padyHaBambe.
Jeana oy mogudukaiuja Fbyrnose merosie kojom ce n3deraBa u3padyHaBaibe
n3Boga PYHKIjE je MEMOoda cenue.

Ha ocuosy Tejnoporor pa3Boja dbyHKIUje Y OKOJMHU TAYKE T, TMAMO JIia
je:

f(@n1) = f(2n) + f1(@n)(@n1 — 20) + 0((Tn1 — xn)Q)v

ITa BaYKW alfpoOKCcUMallija MPBOT H3BOJIA!

flan) = fr)

/ ~o
Tp — Tp-1
Samenom y FbyTHOBY MeToay mobujamo T, = T, — #f@lm’ Tj.
ITn—Tp—1

Tp — Tp-1

Flen) = Fans) (29)

Tp4+1 = Tn — f(xn)
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l'eomeTpujcka mHTEpIpETaNja

Ceanna xpo3 Tauke (,_1, f(Tn_1)) v (Tn, f(2,)) je obauka:

fulw) = flag) = T8 T @)

Tp — Tp—1

Axo je fi(xz) = 0 3a Heko z, mobujamo Ja je:

Tp — Tp-1

f(@n) = f(zna)

Tpt+1 = Tn — f(xn)

Yc10BU KOHBEPTEHIAjE METOAE CEUUIIE

Heka je pememe jennaumne f(x) = 0 monumpano Ha uHTEpBady |a,b|, Ha
kome f' u f” ne memajy 3uak m Baxku ma je f(a) f(b) < 0. Taga moxemo
IPUMEHUTH MEeTOMLY CeduIie. 3a MOYeTHY alpOKCHMAIjy To € [a, b] MoxkeMo
ofabpaTu TauKy 3a Kojy je ucnymen yciaos f(xg) f”(xg) > 0, a 3a 27 € [a, b
Tauky 3a Kojy Baxku ma je f(xo) f(x1) < 0. Hajuerrhe 3a moderne tauke
ANIPOKCUMAIIAje T W T1 MOKEMO Y3eTH Kpajihe Tauke WHTepBasa [a,b).

Kpurepujym 3a 3aycraspambe ureparuBaor nponeca (2.9) je

mq e

—_— 2.10
T (2.10)

|mn - aTn—l‘ S

IpH HeMy je my = Milyefqy | f/(2)|, M1 = maxzefoy | f'(2)]-

Mako cy HCHOyHeHH CBH HaBeIeHH YCJIOBH, MOYKE Ce JTeCHUTH 13 MeTOIa
ceqnre He KoHBeprupa. Camo y ,,JI0BOJbHO MaJjI0] OKOJHHK HyJie £ (PyHKIH]je
f rapanToBaHa je KOHBepreHiuja ka pememy. [Ipe npumene Fbyraose meTome
U METOJIe CEeJUIe MOKEMO MPUMEHUTH METO/Y MOJIOB/heha HHTEPBaJa, KaKO
OMCMO CMambUIN AYZKHHY HHTEpBaJa Ha KOME JIOMHPAMO peIlelmhe U THMe
noBeliamm epuKacHOCT OBHX MeTO/IA.

4. MeTosoM ceunlie PeMIUTH jeHAUTHY

ca taunomhy £ = 0.5- 1074,

Pememe. Crkunupamem rpaduka GyHKIHja £ 1 —e” JOMIPaAMO pelemne
Ha wHTepBasy [—1,0].
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Cnuka 2.5: Jlokanmm3anuja periema jegnaanne r + e* = ()

Bamcra, Ha KpajeBUMa MHTepBaja (PYHKIMja UMa BPEIHOCTH PA3IUIHUTOD
suaka, f(—1) f(0) = —0,63212-1 < 0. [Ipsu u apyru ussox dyuxuuje f(x)
cy:

f
f/

O6e dyuximje f/(x) u f”(x) cy nosurusHe Ha unTepBany [—1,0] u He Mewajy
suak. 3a radky 0 Baxu ga je f(0) f”(0) > 0, ua upumermyjemMo MeTOy
CeuHnIe:

PN
&
N—
I
[

+ e,
X

\

~
8

S~—
I

Tp — Tp—1

f(zn) — f(xnfl)’

Tpt+1l = Tn — f(xn)
ca MOYETHUM allPOKCUMALM]AMA;
20=0, z1=-1, f0)=1, f(—1)=—0,63212

Kpurepujym 3aycrasmpama je (2.10), a kako je f”(z) > 0, f' je pacryha
dyHKIIHja ¥ JOCTHKE MHUHHMAJIHY W MaKCHUMAaJHY BPEIHOCT Y KpajeBuMa
THTepBasa:

my = [mlu&] |f(z)| = f'(—1) = 1,36788,

My = max | f'(z)] = f'(0) = 2

[7170]
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Cana je:

mie  1,36788- 0.5- 10~

_ < =
[Tt — 2] < M, — my 2 — 1,36788

=0,00011

Pauynajyhu ureparmje npema (2.9) dbopmupamo rabesy:

T, f(zy)
0 1
—1] —0,63212

—0,61270 | —0, 07081
—0,56384 | 0,00518
—0,56717 | —0, 00004
—0,56714

Uil wl N —ol S

Kako je kpurepujym 3aycraB/batba UCILYHHEH:
|zs — x4 = 0,00003 < 0,00011
IpHOINZKHO pellerhe jeIHadnHe KOje UCHyhbaBa TPaXKeHy TauHOCT je

7= —0,56714.

3asanu 3a BexKOy
13. Meronom ceuntie ca tagnomhy 1074, pemmmTn jegnadnmy
e” = 2a°.
Pesynrar. 1 =~ —0,5398; x5~ 1,4880; x3~2,6179
14. Metromom ceunne ca taunomhy 107%, oapeanmtn najsehe Herarnsao
pelleme jeiHaATIHE

v
e® = sin —.
3

Pesynrar. x ~ —3,0454

15. Metoyom ceunne ca tagnomhy 1074, oxpeaurn ¢Ba 103uTHBHA peliemba
jeTHAdHE

sine = 2% +0,1.

Pesynrar. x; =~ 0,1012; x5~ 00,8736



I'taBa 3

CucremMu JnHeapHUX jeJHAYNHA

Pemasamo cucrem oy n jiuHeapHux jeJlHAYMHA Ca 1 HEIIO3HATUX:

a1, + a19T9 + ... + ATy = b1
A21X1 + Q222 + ... + AopTy = bz (31)

Ap1%1 + ApaT2 + ... + AppTp = bn

rae cy KoedunmjeHnTn a;; W KoHcTanTe b; mosHare, a x; Hemosnarte. OBaj
CUCTEM jeTHAUNHA MOXKEMO 3aIMCATH Y MATPUIHOM OOJIHKY:

a;; a2 ... QA1 T bl
21 A22 ... QAon, Hi) bg
Ap1 Ap2 ... Qpp T bn

Tj. Ax = b, npu yemy je A mMaTpuna JIuMeH3HUje n X N, YUJjU CY eJeMeHTH
koedutujentn (a7, _y, X = [11, 72, . .. , Tn]T KOMOHA-MATDHTIA HETIO3HATHX U
b = [by,bs,...,b,]7 cioboana xonona-marpuna. [oce6uo he nam kopucTuTH
3amuc y obIUKYy mpomupene Marpune Koedunujenara;

a1 aiz2 ... Q1n bl

21 A22 ... Qon bg
[Av b] =

Al Qp2  -.. Qpp | by

29
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[TocToje aBe Kaace MeTOa 3a pellaBalbe CUCTeMa, JUHEAPHUX je/IHAaYNHA,
JIUPEKTHE U UTepaTuBHe MeTose. Jlupexmue memode KapakTepurine IpuMeHa
TpancdopMaIiyja MoJa3HOT CUCTEMA je/ITHAYNHA Y eKBHBAJCHTAH CUCTEM KOjH
IMa HCTH CKYT pellerha, & MOXKe ce TUPeKTHUM U3PadyHABAmeM DeluTH Ha
jenHOoCcTaBHUjU HauuH. Hmepamusne memode 6a3upajy ce Ha morahamy pe-
[Ieha CUCTEeMA je/IHAMNHA U UTePaTUBHOM IODO/bINAaby pPelliemha CBE JIOK Huje
UCIIYIbeH KPUTEPHUjyM 3ayCTaB/baiba HTEPATUBHOT Tporieca. [Ipumena urepa-
TUBHUX METOJA 3aXTeBa Ja Oy1y ucnymeHu oapeheHn ycJaoBn KOHBEPTeHIn]e
UTePaTUBHOT IIpOIleca.

[Ipe HeTo MITO Ce MOCBETUMO HYMEPHIKIM METOIaMa, YBOINMO MOjaM HOP-
Me, KOJU KOPUCTUMO IIPU LPOIEHU I'PEIIKE U3padyHaBathba U IIPOBEPHU YCJI0BA
KOHBEPTEHTIH]e.

3.1 Hopma marpura

Hedunnnuja 3.1 Hopma xorona-mampuuya va ckyny R™ (ckyn ceuz pean-
HUT N-OUMEHZUORAAHUT KOAOHA-MAMPUYA, X = [To, ..., T, ) je dynryuja
|| -] : R™ — [0,400) koja ucnyreasa caedehie ocobune, 3a cearo X,y € R" u
a € R:

(i) |x]| =0 < x=0=10,...,0]"
(i1) [lax]| = [a] [|x]]
(iti) |lx +yll < [Ix[| + Iy

Bpeanoct dyHKImje ||| Ha KOJTOHA-MATPUIIN X HAZHBAMO HOPMOM KOAOHA-
-mampuuye ||x||. Heku mpuMepu HOpME KOJIOHA-MATPHIIA CY:

n

Ixlr = |l (l1)

i=1
1/2

Ixlla = { a2 (o)

[x[loo = max |z, (loo)
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Hedbunnnuja 3.2 Hopma mampuuye wa ckyny R™" (ckyn céux peasnux
mampuya dumensuje n X n) je dynkyuja || - || : R™"™ — [0,400) xoja
ucnyreasa caedehe ocobune, 3a cearxo A, B € R™™ ya € R:

(i) |[A| =0 <= A =0
(i) [la All = |a] |A]
(iii) [|A+B| < [[A] + B
(w) |A- B[ <[[A]l-[B]|

Ako ¢y a;; eneventn marpune A u b;; egeventn Mmarpune B, Baxke
caenehe omemne:

(v) |aij| <||A|l 3a cBako i,j € {1,...,n}
(vi) |ai ;| < |b; | 3a cBako 7,5 € {1,...,n} = ||A] < ||B]|

Osnauumo ca a; j-Ty KOJIOHY, a ca a; 4-Ty BpcTy Mmarpune A. Hexn
IpUMepH HOPMHU MATPHUIIA CY:
n

IAlL = max [la;; = max Y la,l,
j=1,..n Jj=1,...,n

Tty .
=1
n

1A = max [laf | = max Y ],
i=1,...,n i=1,...n 4 7
]:

n n 1/2
|Al[F = (Zza?j)
i=1 j=1

Hopwma kosiona-marpuiie win MaTpuie HaMm jaje HnHGOPMAI]y O lbHXOBO]
BeJIMUMHN. AHAJIOTHO MOjMY allCOIyTHE W peJaTHBHE T'PeIke OpojeBa, yBO-
nuMo ofrosapajyhe mojmose 3a MaTpuity. (O3HAUYMMO ca X AlpOKCHMAIA]Y
KOJIOHA-MAaTpPHIE X, a ca A ampokcmManumjy mMaTpune A, Tana je:

Ancoaymna epewra anpoxcumayuje:
Ix—x[l, [[A-A]|
Peaamuena epewka anpoxcumayuje:

1% — x| 1A — Al

Il [A]]
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3.2 JIupekTHe MeToje

JlupekTHe MeTojie 3a pellaBaibe CUCTEeMa, JIMHEAPHUX jeJHadYnHa Oa3upajy
ce Ha MPHMeHH eJIeMeHTAapHHX TpaHcdopMalnja, KOjuMa ce IMOJa3HH CHCTeM
Ax = b rpancdopmuiie y meMy eKBABAJEHTAH CUCTEM y OOJUKY M3 KOTa
MOYKEMO AUPEKTHO OJPEIUTH PeIlema CHCTEMA.

Cucrem guaeapuux jeqnaunna Ux = b, riae je U ropme Tpoyraona ma-
Tpula (CBH eJIeMeHTH UCIOJ iaBHe aujaronasne cy 0):

uip Ui ... Uln
0 uy ... u
U= . :22 . 271 5 u“#O,z:l,,n
0 0 ... Upy
peliaBa ce IIOCTYIIKOM pewascarba yHasad:
n
T = b”, xi:i bi— > wpay |, i=n-1,..,1 (32
Unn Uy

k=i+1

Cauuno, cucreM JuHeapHux jegnadnna Lx = b, rae je L mome Tpoyraona
maTpura (CBU eJeMeHTH W3Ha I IiaBHe Jujaronase cy 0):

l11 0 0
l l ... 0

L= |2 2 7 T LiA0i=1,...n
lnl ln2 Znn

perraBa ce IMOCTYHKOM Pewasatva YHanpeo:

i—1
b 1
Ty = ! J;Z:E bz—;llkl’k y 122,,71 (33)

- 7
lll

3a HEKOJINKO AUPEKTHUX METOa HABOIUMO OOJIMK €KBUBAJIEHTHOT CHCTEMA,
Ha KOJU CBOJAMMO MOJIA3HU CUCTEM jeTHA9YNHA!

e [aycoBa Metona ernvmunanuje — Ux = c,
o [ayc-2Kopnanosa merona enmumunanuje — Ix = c,

e LU nexkommnosuimja — LUx = b,

rie je I jermnnuna marpuna. Hakon cBohema 110/1a3H01 cucTeMa Ha, je/ilaH OJ1
OBUX ODJIMKA, IPUMEbYjEMO MMOCTYNAaK pellaBaiba YHANPE WK YHA3a/I.
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3.3 TaycoBa meToja eamMuUHaINje

Pemapamo cucrem JimHeapHuX jegHadnna Ax = b, 3a1aT HpoOIIHpeHOM
MaTPHUITOM:

a1 a2 ... A1p bl

as1 A9y ... Aoy, b2
[A7 b] -

an1 QAp2 ... Gpp bn

[IpermocraBumo 1a je ayy # 0. Hajupe tpancdopmuinemo npomnmpeny mMa-
TPHUIly TAKO Ja Ce CBU €JEMEHTH Yy IPBOj KOJIOHW, WCHOJ (11, AHYJUDA]y

. . 41
Hakon tpancdopmaiuje. Koedurujenrom m;; = — MHOKUMO NPBY BPCTY
an
U OJLy3UMaMoO OJ1 i-Te BpcTe mporupene Marpuie [A, bl, 1j.

agi):aik—milalk, bEQ):bi—milbla (1,k=2,...,n).

Ha oBaj Haumu m00MjaMo €KBUBaJIEHTAH CUCTEM:

a1l a(lg) RN Q1n b(l)

2 2) | (2

A® )] = 0 a2.2 o a?n b2.
0 a2 .. |

[IpumeryjeMo uCTu MOCTYMAK, CaJjia Ha MaTPUIU JJUMeH3uje n — 1, o apyre
710 n-Te jenHadyuHe. lIpermocraBumo na je ag) # 0. Koedunujenrom mgs =

(2)
a:

g) MHOKHUMO JIPYTY BPCTY U OJIY3UMAMO OJI i-T€ BPCTE MPOIIHPeHe MaTPUIIE
Qg9
[A® b@)], 1j.

aEZ) = al(.,? — Mo agg, bf’) = bl@) — My béz), (i,k=3,...,n).

Canma 1006MjaMO eKBUBAJEHTAH CUCTEM:

(a1 a2 a3 ... @i, | b
2 2 2 2
0 agg) ag; e aén) bg )
A® P =10 0 aé? . a:(f;) bgg)

[0 0 aflgg) Cooald) | by
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ITonasibameM IMOCTYIIKa ITOJIa3HU CHUCTEM CBOAMMO Ha:

aix G2 a1z ... a1,n—1 Q1n by

0 ay ay ... ag, o ah | b
SOTRCE LRI IR S

6 O O o ain_f%_l affi?l b%";l)

0 0 0 ... 0 as | by |

Ha oBaj Haumn cMo 1Mo/1a3HU CHCTEM je/ITHAYNHA CBEJIN HA HheMy eKBUBAJICHTAH
TOpIe TPOYTaOHH CUCTEM, KOjH ce JUPEKTHO pellaBa MOCTYIKOM pelllaBaimbha
vuaszag (3.2)).

Koedunujenre m;; koje kopucTumo 1npu TpancopMaliji HoIa3H0I CUC-
TeMa HA3WBAMO MYAMUNAUKGMOPUMA.

laycoBy MeTojy eIMMHHAIMje MOXKEMO omucaTu ciaeqehum aaropurMom,
IpU 9eMy IIpOBepaBaMo Ja Jid je UCIYHEHO agz) #£0,i=1,...,n.

KOPAK 1: CBOBEE I[IOJA3BHE MATPUIIE A CUCTEMA HA
TOPHHE TPOYTAOHY MATPUILY. [TOCTAB/BAMO 7 = 1.

KOPAK 1.1: AKO JE a;; = 0, BPARAMO HHO®OPMAIAJY A
METO/IA HE MOYKE BUTU IMPUMEKEHA. CTOIIL.
AKO JE ay; # 0, IPEJTA3BUMO HA KOPAK 1.2.

(0751

KOPAK 1.2:  KOE®UIIMIJEHTOM m;; = — MHOYKNMO MPBY BPCTY
a1

1 OAY3UMAMO O/ ©-TE BPCTE IIPOILLIUPEHE

MATPUIIE.

KOPAK 1.3: TIOBERABAMO 7 3A 1, BPARAMO CE HA KOPAK 1.1 3A
CUCTEM JAMMEH3UJE n — i 10 CBOBEHA HA T'OPHE
TPOYI'AOHY MATPUILY.

KOPAK 2 PENIABAMO TOPILE TPOYTAOHY MATPHUITY [A™) b(™)]
b L (o = 0
nn i k=i+1

(i=n—1,...,1)
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5. TaycoBoM MeTOIOM eIMMHUHAIM]e PEIIHTH CUCTeM jeJHauuHa, padyHajyhu
ca 6 jgermmMmaJia.

201+ 319 + 43 — 204 = 1
T1— 209 +4x3 — 314 = 2

41+ 380 — X3+ x4 = 2
3x1 —4xy 4+ 223 — 24 =5

(3.4)

Pememe. @opmupamo npornmpeny MaTpuily TOCTaB/HLEHOT CUCTEMA je/I-
HAYWHA!

2 3 4 =21
1 -2 4 -3|2
[A,b] = 4 3 -1 1]|2

3 -4 2 =215

[IpBu KOpak je 1a eJUMUHHIIEMO HEMO3HATY T M3 IpBe KOJIOHe y 2, 3. |
4. Bpcru. PopmupaMo MyJATHILIAKATOPE Mo = %, ms = %, my = %
MuoKMMO TIPBY BpPCTY OAroBapajyhuM MyJITHILIHKATOPOM U OIy3UMaMO O/
i-te Bpcre (i = 2,3,4) npomupene marpuie [A, b], 1o6ujamMo ekBruBaJIeHTaH

CUCTEM:
3 4 =21

2
0 —-35 2 -2|1,5
0 -3 -9 5|0
0 -85 —4 13,5

[A(Q), b(2)] —

Cana cy MyJTHILTUKATOPU Mgy = % = g, Myy = %:g
JIPYTY BPCTY OAroBapajynNum MyJITUILIMKATOPOM ¥ OJYy3UMAaMO OJI i-T€ BPCTE

(i = 3,4) mpomupene mMarpure [A®?) b®)] robujamo ekpuBaTeRTaH CHCTEM:

= % MuozkuMo

2 3 4 —2 1
0 —3,5 2 9 1,5

0 0 —10,714286 6,714286 | —1,285714
0 0 —8857143 5,857143 | —0,142857

[Tocaeamyu MyITHILTUKATOP KOjU (hOPMHUPAMO je My3 = %.

HIUMO Helo3Hatry x3 y 4. Bpcru MHOxkehu 3. Bpcry 0BUM MyJITUILIMKATOPOM

Enxnvunn-
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u ojay3uMajyhu o 4. Bpcre, HAKOH 4era J00ujaMo:

2 3 4 —2 1
A® po = |V 730 2 —2 1,5
! 0 0 —10,714286 6,714286 | —1,285714
0 0 0 0,306667 | 0, 920000

Casia oBaj cucTemM MOXKEMO PENuTH MOCTYITKOM peraBara yHa3a/I;:

0, 920000
= ——— = 3,000000
T 0,306667
1
= ——(—1,285714 — 14286 - =2
3 _107714286( , 285714 — 6, 714286 - 24)
1
$2:$(1,5—2x3+2x4):—1
1
$1:§(1—3I2—4l’3+2$4):1

3aganmu 3a BexKOy

16. 'aycoBoM MeTO/IOM eJTMMUHAIIM]E PEITUTH CUCTEM jeJHaUYrHA, padyHajyhu
ca O IJemmMaJia.

10027 — 2425 + 48x3 — 2324 = 39
S5r1 + 100z — 4423 — 31wy = 72
10x1 — 329 + 100z3 + 5524 = 56

—12x1 + Ty — 1123 4+ 10024 = 47

Pesyarar. 1 = 0,61549; x5 = 0,95546; x3 = 0,24967; x4 = 0, 50444

17. TaycoBoM MeTO/IOM eJTMMUHAIIM]e PEITUTH CUCTEM jeJ[HadYnHa, padyHajyhu
ca J IemmMaJia.

1+ 0,422 4 0, 5425 + 0, 6624 = 0,3
0,421 + x5 + 0,32x3 + 0,442, = 0,5
0,54x1 + 0, 3229 + 23 + 0,2224 = 0,7
0,662 40,4425 40,2223 + 24 = 0,9

Pesyaratr. 7, = —1,25779; 25 = 0,04349; 73 = 1,03917; 2, = 1, 48239
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3.4 LU pgekomrmo3uiiija

Matpuna A moxke ce npejcTtaBuTu y o0auky npoussoma A = LU, rue
je L mome tpoyraona, a U ropme Tpoyraona Marpuia. Kako 6ucmo u3Besn
OBaKBY JIeKOMIIO3UIKjy Marpuie A, pasMoTrpumo nouoso [aycoBy meroy
eJTMMUHAIIjEe, CaJa HA JTUHEAPHOM CUCTeMy AnMeH3uje 4:

ay a2 a3 G4 | by
a1 Qoo Qg3 Qa4 | bo
(A, b] = :
a31 azz2 33 a34 | 03
(41 Qa2 Q43 Qgq | Dy
;1 . .
QopMupaMo MYJATHUILIHKATOPE My;; = —, (2 = 2,3,4) KOJ€ KODHUCTUMO 34
ai
TpancOpMaIljy IOJa3HOT cucTeMa Ha ciegehn HaduH

(2) (2)
aik = Qi — M1 A1k, bz = bz — M1 b1 (35)
n ,ZLO6I/IjaMO €KBHUBaJICHTAH CUCTEM

a1 a2 a3z a4 | by
(2) (2) (2)

[A(z) b(2)] 0 ay ay ay b(22)
) = 2 2 2 2
0 ooy o)\ b
0 agp ag3 ag | by
o
DopMUpPAMO MYATUILINKATOPE Mjy = %,(z = 3,4) KOje KOPHCTHMO 3a
32
TpancdopMalujy MPeTxXoJHuX cucTeMa Ha cJjejehn HaduH
agz) = ag) — Mo ai), b§3) = bl@) — Mo bgz) (3.6)

u J100MjaMO €KBUBAJICHTAH CUCTEM

11 Q12 a3z Aaiq by

2 2 2 2

A®) b®) = 0 af) afy afy |5
’ 0 0 o o |

0 0 o o

Qg3 Qyy
o
Konauno (popMupaMo 1 MyJITHILTHKATOP My3 = ?3) KOJUM TPaHCGHOPMHIIEMO
a
33

CHCTEM Ha, cjaeaenyn HATHH:

o) =) maal) # =1 i) 7)
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y €KBUBaJIEHTAH CHUCTEM 4Yuja je MaTpuila KoeduimjeHara ropibe TpoyraoHa

a1 a2 a3 aa | b

2 2 2 2
a(zz) a;?)) a§4) b(z)

0
0 0 af o [b{
0 0 o0 a¥ P

[A(4), b(4)] —

Ox myntunamkaropa m;; ¢GopMupaMo MaTpuily Ha ciefehn HaunH:

1 0 0 O

o —mMa1 1 00
M, = —ms; 0 1 0
—My1 0 0 1

3a oBako medunncany marpuny My, nmajyhn y sugy (3.5), Baxu na je:

A® =M, A.
CamvHo, 32 MATPUILY:
1 0 00
0 1 0 0
Mz=10 g 10
0 ) 0 1

umajyhu y Buny (3.6), Baxu na je:

A® — M, A
Konauno, 3a marpuiry:
10 0 0
01 0 0
Ms=1o0 1 0
00 —1y3 1

umajyhu y Buny (3.7), Baxu na je:

ajp G2 ai3 daiq

2 2 2
0 ay ay ay

0 0 aé? sy
0o 0 0 af

U=A®=M3A0 =
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Jpyrum peunma, npoussos U = M3My;M; A je ropme Tpoyraona mMarpuia
KOjy ¢MO mo0mian mpuMeHoM laycoBe meroje eauMuHammje. AKO O3HATIMO
M;'M,'M;"' = L, tana paxu:

LU = M;'M;'M; ' M;M,M; A = A.

Kaxko je mHBep3HA MATPHUIA TOE TPOYraOHe MATPHUILE TaAKOhe T0be TPOyraoHa,
1 MPOU3BO/I I0E-e TPOYTAOHUX MATPHILA je TOHe TPOYyTraoHa, 3aK/byIyjeMo 1a
je m cama Marpuia L gome Tpoyraosa. OBHM CMO IOKA3aJIM 13 33 MATPHUILY
A nocroju LU gekommosunmja.

Jort je morpebno na oxpeauvo marpuity L. Hamme, 3a marpuie obsmka
My, (k = 1,2,3) Baku Ja je HUXOBA WHBEP3HA MATPHIA jeJHAKA MOJA3HO]
MAaTPHIIH, ¢ TAM IITO Cy HEHYJIa eJIEeMEHTH BaH JUjaroHaJe CYIpPOTHOT 3HAKA,
ma je:

1 0 0 0 1 0 00 1 0 0 O
Coad—Ina—ina—1_ |m2r 10 O (0O 1 O O] (0O 1 0 O
L—M1M2M3_m31010 0 msy 1 O[O O 1 O

m41001 Om4201 00m431

1 0 0 0

. moy 1 0 0
o |ms mge 100
My May Mgz 1
[Tpumvernmo ma ma ocuosy (3.5), (3.6) u (3.7), Baxkn ma je:
b® = M;M,M;b. (3.8)

OBakaB MocTymaK MOzKe Ce IOHOBUTHU 3a IPOU3BOJHHY JTUMEH3N]y MATPUIIE
A, ma MOXKeMO Jla YOUTITAMO 3aKJby4aK:

AKO TTPUMEHOM T'AVCOBE METO/IE EJTUMUHAIIMIE HA MATPUILY A
JUMEHBUIE n JJOBUJEMO I'OPHE TPOYIAOHY MATPULLY U, TAJA
JE A=LU, rag JE L 1OBE TPOYTAOHA MATPULIA CA
JEAUHULUAMA HA JUJATOHAJIU, A BPEAHOCTU UCIIO[
JUJATOHAJIE CY MYJITUIIUKATOPU my;, (i > 7).
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PemiaBame cucrema jenmaumua npumenoM LU mekommno3suruje

YKOJMKO perraBaMO CUCTEM jeJiHaYMHA JuMensuje n obamka AxX = b,
npumerbyjemo uspejeny LU nekoMIo3unmjy mpuMenoM cieieher aJropurma:

KOPAK 1: KPEREMO O/ MO3HATE JIEKOMIIO3UIIUJE:
A = LU, BpuimMO 3AMEHY: (LU)x = b,

TJ. L(Ux) =b.

KOPAK 2: YBOJVUMO HOBY KOJIOHA-MATPUILY

HETIO3HATUX y = Ux.

KOPAK 3: PEIIABAMO JOWE TPOYIAOHU CUCTEM Ly = b,
MOCTYIIKOM PEITABAIHLA YHATIPEZ JTJOBUJAMO Y.

KOPAK 4: PEOIABAMO T'OPILE TPOYT'AOHU CUCTEM Ux =y,
NOCTYIKOM PEITABATHA YHA3A/T TOBUJAMO X.

6. Merogom LU jgekoMuosunuje pemuTd CHCTeMe JUHEapHHX jeJlHaunHa
Ax = by, (k=1,2) rue je:

2 3 4 -2 1 8
1 -2 4 -3 2 6
A=y 3 21 10 e Pms
3 -4 2 -2 5 9

Pememe. TIpumernmo na je Ax = by cucrem pemten y [fl 3amarky.
3aro mpesnaunmo b = b;. I3 mocrynka perraBama MPETXOMHOT 3aaTKa

MozkeMo J1a 3anumemo LU jpekoMno3uiigjy nojasne MaTpuie Koeduigjenara
CUCTEMA:

A=LU=(M;'"M;'M;!)- AW

1 0 0 02 3 4 -2
los 1 0 of|o -35 2 -2
12 ¢ 1 0|0 0 —10,714286 6,714286
7 8,857143
R = I [ 0 0, 306667

Ha ocuoBy (3.8)) Baxku na je:

y = L7 'b = (M5sM,;M,)b = b®,
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C 0063upoM Ha TO Ja CMO Yy 3a7aTKy Beh um3Bpimiaun [aycoBy meroiy
eJTIMUHATIAjE 1 oape i Komona-Marpuy b®) = [1;1,5; —1,285714; 0, 92]7,
MOZKEMO TO U Jla HCKopucTuMoO. /lakne, Baxku ma je:

y = [1;1,5; —1,285714;0,92]"

Capa permaBamMo ropwme Tpoyraonu cucrem Ux =y, Tj.

2 3 4 —2 1
0 —3,5 2 —2 1,5
AW p@) — ) )
Uyl =[a"Dp5 =1, —10,714286 6,714286 | —1,285714
0 0 0 0,306667 | 0,920000

v 3aJIaTKY OJIPEJN/IN CMO pelliethe ropmhe Tpoyraonor cucrema Ux =y,
1. A®Wx =b®W, u 10 je
x; = [3,2,—1,1]%.

Pemumo caga cucrem Ax = by. Beh nam je nosnara LU nexkommosumuja
martpurie A, ma hemo 1o u na uckopuctumo. IlomTo je cama KogoHa-MaTpuna
cs1000/THOT KoedbuIlujeHTa IpoMerbeHa, HHje HaM I[O3HATO pelleihe y J0Mhe
Tpoyraonor cucrema Ly = by, Tj. 3ammcano nmomohy mpolimpeHe MaTpHIIE
CUCTEMA:

1 0 0 018
0,5 1 0 0]6
Lba] =1y 8 1 0|3
17 8,857143
L5 7 10,714286 L9
[TocTynkom peraBama yHanpea iMaMo 1a je:
y1 =38
y2:6—0,5y1 =2
6
Yys =3 —2y — ?yz = —14,714286
17 8, 857143
=9—1,5y; — —yy — ——— y3 = 4, 306667
Ya , QY1 7 Y2 10, 714286 Ys )

[TocTynkom pernaBarmba yHA3aJ1, perraBaMo ropme Tpoyraonu cucrem Ux = y:

2 3 4 —2 8
Uyl = [0 739 2 —2 2
’ 0 0 —10,714286 6,714286 | —14,714286
0 0 0 0,306667 | 4, 306667



I'JIABA 3. CUCTEMIUI JINHEAPHUX JEJITHAYNHA 42

4, 306667

_ 2P0 1y 043464
T 0306667

1

o (—14,714286 — 6, 7142 — 10, 173904

75 = g 7raaag (14 714286 — 6, 714286 24) = 10, 17390
1
1

71 = 5(8+ 2wy — 4wy — 33,) = 1,869565

dynaunTnos amropmram

Hasogumo Jlyaurios aaropuram 3a LU mekommosuiujy marpuie A, He-
3aBHCHO 01 mpuMene laycoBe meroje enumunanumje. Marpuna L je mome
TPOYTaoOHa Ca jeJuHUIAMa Ha JUjaroHaJn, a MaTpuia U ropme TpoyraoHa.

ay; a2 ... Qip 1 0 ... 0 U1 U2 ... Up

91 A29 ... QApn l21 1 ... 0 0 Ug2 ... Uop
A= . . | =

Api Qpa  -.. Qpn i lpe ... 1 0 0 ... Upn,

Muoxkemem marpuna L u U jpobujamo ejiemente marpuie A:

a1; = Uiy, j:]_,Q,..‘,’I’L

J

a;j = E ligup;, J <t
=1
1—1

ai; = g Lipury + i, J >
k=1

Onarie gobujamo J[ysumaos anrzopumam:

KOPAK 1.1: ly=1,1=1,2,...,n, IJNJATOHAJIA MATPULE L
KOPAK 1.2:  wyj = a15,5 = 1,2,...,n, TIPBA BPCTA MATPUIIE U
KOPAK 2: li1 = Z—lll,z =2,...,n, IPBA KOJIOHA MATPULE L
KOPAK 3.1: BA i =2 uy = ay — S L, (J=1,...,n)

(i-TA BPCTA MATPULE U)
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KOPAK 3.2: 35 =2 1y = 2= (ay — Dl laus),
(i=j+1,....n)
(j-TA KOJIOHA MATPUIIE L)

KOPAK 4: [TOBERABAMO 7 11 j 3A 1, BPARAMO CE HA
KOPAK 3.1.

KpayToB anropuram

Hasogumo Kpayros asropuram 3a LU nekommosurujy marpune A. 3a
paznuky oj nperxoane Bapujante LU gekomno3unmje, y OBOM Caydajy ropme
Tpoyraona Marpuiia U mma cBe jeauHulle Ha jaujaroHau, a marpuiia L je
OIleT JOHe TPOYraoHa, ajii 0e3 OorpaHuYerba 3a BPEJIHOCTH JIMjarOHAJJHUX
eJleMeHaTa.

ai; a1 ... Qin l11 0 Cee 0 1 Uiz ... Uip

21 @29 ... (Q9pn l21 l22 N 0 0 1 ... Ugp
A= . . . | =

Anl Qp2 ... Qnpn i e oo Lyl (O O ... 1

Muoxkemem marpuna L u U gobujamo ejiemente marpune A, ojgakie ce
nobujajy koedunujentu marpuna L u U:

KOPAK 1.1: uy; = 1,0 =1,2,...,n, IMJATOHAJIA MATPUIIE U
KOPAK 1.2: ;3 =a;1,1=1,2,...,n, IPBA KOJTOHA MATPUIIE L
KOPAK 2: Uy = ‘;Tlf,j =2,...,n, IIPBA BPCTA MATPULIE U
KOPAK 3.1: B3a =2 b= ay — S0 ligurg, (i =3,...,n)

(j-TA KOJIOHA MATPUIIE L)

KOPAK 3.2: BA 1 =2: U5 = i (aij - Z?;:ll likuk]),
(j=i+1,...,n)
(i-TA BPCTA MATPUIIE U)

KOPAK 4: [TOBERABAMO j 1 ¢ 3A 1, BPARAMO CE HA
KOPAK 3.1.
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7. Meronom LU nexoMmosunumje pemmuTH CUCTEM je HATHHA!

3r1 +2T9— 23+ 224 =06
—5ZL‘1+JZ2+3$3—4ZL‘4: —12
2$1+SL’3—Q34:1

T1—9To+3x3— 314 =3
npumenoMm Kpayrosor ajsropurma, padynajyhu ca 6 jenumadia.

Pememe. llpeacraBnmo mojas3Hu cucTeM jeHaYUHA MPOINTAPEHOM MaT-
PHUIIOM:
3 1 -1 2] 6
-5 1 3 —4|-12
2 0 1 —1| 1
1 -5 3 =3| 3

LU aexkomnosunujy marpuie A npejcraBuhemMo y jeJUHCTBEHO] MaTPUILA
obmka (mMarpuna U nma cBe jeiMHEIE HA JIHjATOHAIH):

A, b] =

L ue U13 U4
lor o U23 U4
L\U| =
[ \ ] l31 l32 33 w2
lag lyg laz lu

Onpemnumo estemenTte Marpuna L u U, HAau3MeHHYIHO 110 BpcTaMa U KOJIOHAMA.:

I. Ly =an, la=au, lzi=a3, lu=an

a12 @13 Q14
III. wupg = ™ =0,333333, w3 = T = —0,333333, w4 = T = (), 666667
11 11 11

1V. lgg = Q99 — lglulg = 2, 666665 l32 = agg — l31U12 = —O, 666666
l42 = Q49 — l41U12 = —5, 333333

1 1
V. Uo3 = — (a23 — l21u13) = 0, 500001 Uy — — (CL24 — l21U14) = —0, 250000

l22 l22
VI l33 = azs — l31u13 - l32U23 = 2, 000000

ly3 = a3 — lyu13 — lyauzg = 6,000005



I'JIABA 3. CUCTEMIUI JINHEAPHUX JEJITHAYNHA 45

1
VII. U34 = l_ ((134 — l31U14 — 132U24) = —1, 250000
33

VIII. l44 = A44 — l41u14 — l42U24 — l43U34 = 2, 500000

3 0,333333 —0,333333  0,666667
-5 2,666665  0,500001 —0,250000
2 —0,666666  2,000000 —1,250000
1 —5,333333  6,000000  2,500000

Caja MOXKEMO J1a NMPUMEHHMO MOCTYNAK 3a PellaBaibe yHAIPEI JI0Mhe
TpoyraoHor cucrema Ly = b, garor npommpeHoM MaTpPHUIIOM

T\U] =

3 0 0 0 6
L,b] = -5  2,666665 0 0]—-12
]2 —=0,666666 2,000000 0 1

1 —5,333333 6,000000 2,500000 3

dnje je pemerme KojoHa-Marpuna y = [2; —0, 750000; —1, 750000; 3,000000]7 .
PemrapameM yHa3a/1 ropbe TPOyraoHor cucreMa UX = y, JaTOr HPOIIIPEHOM
MaTPHIOM

1 0,333333 —0,333333  0,666667 2

U,y] = 0 1 0,500001 -0,250000 | —0, 750000
’ 0 0 1 —1,250000 | —1, 750000

0 0 0 1] 3,000000

JIOOMjaMO pelrerhe MoJa3Hor CUCTeMa:

x = [0,999999; —1,000002; 2,000000; 3, 000000]* .

OapebuBame nusepsue marpurie LU gekommozuriujom

LU nekomnosuiuja HamMm omoryhasa Ja pemaBaMo YuTaBy haMIInjy CHC-
TeMa JITHeAPHUX jeTHAUYNHA ca HCTOM MaTPHIIOM Koedurujenara cucrema A,
a pa3muuToM CJI000HOM KojoHa-mMarpunoM, Ax = bg. OBakas upucryn
MOZKeMO IIPEMEHHTH IpH oapehusamy nasepsne marpume AL



I'JIABA 3. CUCTEMIUI JINHEAPHUX JEJITHAYNHA 46

Niycrpyjmo oBo na npumepy marpuiie jumensuje 4. Hanme, 3a unsepsny
MAaTPHUILY BayKu:

a1 G12 a13 A4 T11 Ti2 T13 T4
AA-L 21 G22 (23 (24 T21 T2 T23 T4
a3z1 G3z2 Aaz3 (a34 T31 T32 X33 T34
a41 Q42 Q43 QA44 T4l T42 Ty43 Tyq

_— o O O

O3Ha4YnMO ca X; j-TY KOJIOHY Hemo3Hare MHBep3He Marpuie A~' a ca e,
J-Ty KOJIOHY jeauHwdHe mMaTpuile 1. VHBep3HY MaTpHIy MOXKEMO OJIPEIUTH
pemaBameM 4 cucTeMa jeHaINHA!

Ax;=e;, (j=1,2,34).

[Ipumenom metoge LU mekommnosunuje jeiHoM hemMo M3BPIINTH JTEKOMITO3H-
mujy Marpure A, a 3aTum 4 1IyTa npuMemnyjeMO MOCTYIIKE PeraBamba yHAIPeT
1 YHA33/1 C PA3JI0IUTHM CT000IHIM KOJTOHA-MaTpHUIaMa. AKO OHCMO perrnaBa-
Jn ipobJieM ['aycoBoM MeTO0OM eJIMMHUHAIT]je, MOPAJIH OUCMO JTa TPUMEHUMO
IeJry MeToy 4 myTa, IITO je J0CTa 3aXTeBHH]E.

OapebuBame gerepmunanTe marpuiie LU mekommno3ummjom

Kako je A = LU, npu uemy cy L u U Tpoyraone marpuie u Marpuna L
WMa, CBE jeJIMHATIE HA TJIABHO] JMjaroHaJn, BaxKu Jia je

det A =detL-detU=1-detU = uy;...U,.

8. Meromom LU gexkomuosuiuje u3padyHaru JeTepMUHAHTY MaTpPUIe:

1 1 0 3
2 1 —1 1
A=14 1 1 o
-1 2 3 -1
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Pememe. I[Ipumenumo [lynursios anropuram 3a LU nekomnosuiiujy
mMarpuie A.

1 1 0 3 1 0001 1 0 3
A_| 2 1 -1 1 _| 2 1o00[|0-1 -1 -5
13 -1 -1 2 |3 4 10/|0 0 3 13
-1 2 3 -1 -1 -3 0 1[0 O 0 —13
Caua je

det A=detL-detU=1-detU=1-(—1)-3-(—13) = 39.

3agaim 3a BexKOy

18. Merosom LU jekoMuosuiimje pemuTu CUCTEM jeJlHauuHa, padyHajyhu
ca 6 jgermmuMaJia.

10021 — 2425 4+ 48x3 — 2324 = 39
5x1 4+ 100xy — 44x5 — 31lxy = 72
10x; — 329 + 100x3 + 5524 = 56

—12x1 4+ 7wy — 113 + 10024 = 47

Pesyaratr. x; = 0,615488; 29 = 0,955458; x5 = 0,249673; x4 = 0, 504441

19. Merojom LU jekoMuosuimje pemnuTu CUCTEM jeJlHaunHa, padyHajyhu
ca 6 jgermmuMaJia.

8, 4672, + 5,137z + 3, 14125 + 2,063z, = 29,912
5,1372, + 6,42170 + 2, 61725 + 2,003z, = 25,058
3, 1412, + 2,617z + 4, 12875 + 1,628z, = 16, 557
2,0637; + 2,003z5 + 1, 62875 + 3, 446z, = 12,690

Pesyarat. ) = 1,874134; 75 = 1,596978; x5 = 1, 141352; 7, = 1, 093002
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20. Merogom LU nekomnosunuje, paduynajyhu ca 6 genumara, uspadyHaTu
JIeTepMHUHAHTY MaTpuie A.

2 2 1 4 —1 3
1 2 -1 3 4 3
2 1 3 —1 2 -1
A= 2 3 —4 2 1 )
1 1 1 3 2 2
-1 -1 2 -1 2 3
Pesynrar. det(A) = —538
3.5 IlIuBoTupame
Yenos 3a mpumeny Laycose MeTosie eTuMuHaIzje je a,(clz) #0,(k=1,...,n),
a To Hehe yBeK OUTH UCIYIHLEHO.
Hedbuaunuja 3.3 Mampuuya A = [aij]:fj:l ce Ha3u6a HNjarOHAJTHO TOMHU-

HAHTHOM YKOAUKO 8a2tcU Ja je
n
lail > D lagl,  (i=1,...,n),
j=1j#i
@ CTPOTO JNjarOHAHO JOMHUHAHTHOM YKOAUKO je HejedHarocm iy npemrodHom
u3pasy cmpoza.

Y caydajy Kaja je MaTpuna A cTporo JIujaroHaIHO JOMUHAHTHA, ['aycoBa
MeTo/Ia eJIMMUHAIAje ce MOoyKe ITPUMEHHTH, TOIITO 0Baj ycJIoB 0be30ehyje ma
ce Ha aujaronajiu nehe nahu myJe.

IIpumep 1. IIpumenumo ['aycoBy mMeToqy enmMHUHAIM]E Ha CUCTEM JIH-
HeapHuX jegHaunHa AxX = b, ca npommpeHoM MaTPHUIIOM:

1 112
Ha ocHOBY u3/102keHOr aJirOpuTMa, IIPBH KOpakK 0u 6o jga popmMupamMo Koe-
dbunumjent my; = 1/0, mro nuje moryhie. [Iposepumo mita ce gemrasa ako ce
Masto ogmakueMo o 0. [TocmaTpajmo cucTem:

= 4[]

[A7b]:{o 11]
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rae je € > 0 npousBosban ukcupan Opoj 6am3zak myau. Kajga npuMeHuMO
[laycoBy meromy esmMHUHAI]e, T00MjaMO:
1
2 — g1
1

12) @) |€ 1
[A 7b ] - |:O 1— 8_1
AKo je £ jako MaJlo, Taja je € ' jaKo BeJUKO, H Y TOM CIOydajy ce 1 —e 1 u
2 — 71 3a0kpyxyjy na —e 1. (Axko je e = 10719 rama je ¢! = 10'°, ma cy
oBu Opojeu npubsmzkao jennaku.) Vmajyhu to y Buy, IpEMEHOM MOCTY KA
pelnraBama yHazal, 100ujamo jia je

21 gt
1 —¢t —e1
VKOJIIKO 3aMEHHMO MeCTa jeJHAYMHAMA, ¥ HOJA3HOM CHCTEMY:
1 1|2
0 111

=1, ry=¢c (1 —x5) = 0.

€2

A= |

MOZKEMO JIa IpUMeHUMO ['aycoBy MeTOy eJMMHUHAIMje, IPU YeMy JI00HjaMo
TavHa peleba 1 = Ty = 1. YOIIITe, aKo cy KoeduIjeHTH Koje (hopMupamo
o0
7 . .
TOKOM aJITOPUTMA M;; = —% TAKBH JIa j€ JUjarOHAJTHU eJIeMEHT MHOTO Mk

¥
oJ1 eleMeHTa y OpojuoIty, pe3yarar he WMaTH BEJUKY BPETHOCT, TITO YBOIU
BEJIUKY TPEIMKY y u3pauyHaBame. /lakme, ['aycoBa MeToma eTmMUHAIIT]Ee MO-
JKe OuTu HecTabU/HA METO0Ja, Y 3aBUCHOCTH OJI pobjeMa Ha KOju ce Hpu-
Memyje. OBakse curyamnuje Mory ce m3behum n3bopom nusoma uium 24a68H02
eAEMERMA.

[IpeTrxoman mprMep MOKa3a0 je J1a je y MojeIMHUM cJIydajeBUMa JTOBOJHHO
Jla 3aMEeHNMO MeCTa jeITHAYMHAMA Y CHCTeMY Jla OMCMO MOTJIN Ja aJIeKBATHO
npumeHuMo L'aycoBy MeTojly ejiuMuHaluje. Y TaKBUM CJIydajeBuMa, npobJieM
pemaBamMo u3060pOM MUBOTA - eJIeMEHTa MaTPHIE CHCTeMa A ¢ MaKCHMAJTHOM
arcosyTHoM Bpeanornihy. [IpermocraBumo ja cMmo mojia3au cucrem Ax = b
nocie (k — 1) Kopaka cBesid Ha pelllaBake cucrema of n — k + 1 jenHadnse
can — k + 1 Hemo3zHaTOM.

C'mpamezuja nomnyroz nueomuparee TOAPa3yMeBa /1a OJ CBUX eJleMeHaTa
y Marpuiu aumensuje n—k+1, o k-te 10 n-te jeHadnHe oabepeMo muBoT,
Tj. €JIEMEHT Qyps 38 KOJU BayKu:

k
af] = max lath],
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1 3aTUM [IOCTYITHO 3aMEHUMO k-Ty U r-Ty BpCTy u k-Ty u s-Ty Kosiony. Crpa-
Teruja MoTIYyHOT TTUBOTa 3aXTeBa BeJIMKK OpOj onepannja nopehema u 3amMeHe
MecTa BpCTaMa M KOJOHaMa, [a HEje IMPEenopyd/buBa, OCHM Yy CJIydajeBHMa
KaJIa je IPeIU3HOCT OJI M3Y3eTHOI 3HaJuaja, a He W BpeMe MoTpeOHO 3a U3BO-
hema MeTosIE.

Hajuernthe je 10BO/bHO HPUMEHUTH cmpame2ujy napuujaisioe nusomuparsa,
KOja mojipa3dyMeBa Jla IMIBOT TPazKuMo camo Mehy enementuma k-te KOJoHE,
quMe ce m3beraBa 3aMeHa MecTa KOJIOHA, ajil He W BPpCTa. ¥y TOM CJIy4dajy, 3a
IMUBOT OMpPaMO eJIeMEeHT aff,? 38 KOJU BaxKu:

(k)
ark

(k)“

= max |a;,

i=k,...,n

HaBoaumo asropuram 3a laycosy memody esumunayuje ¢ napuujossum
NUGOMUPATHEM:

KOPAK 1: CBODBELE TTOTAZHE MATPUIE A CUCTEMA HA
I'OPHE TPOYI'AOHY MATPUILY. [TOCTABUMO ¢ = 1.

KOPAK 1.1: OapEIUTH j € {1,...,n} 3A KOJE JE |ay]
MAKCHUMAJIHO.
KOPAK 1.2: AKO JE 1 # j, BAMEHUTHU BPCTE 1 1 j Vv

MMPOUNIMPEHOJ MATPUIIN CUCTEMA.

ag1

KOPAK 1.3: KOEOULMIEHTOM My, = — MHOXKHUMO IIPBY
11

BPCTY U OAY3UMAMO OJ k-TE BPCTE IIPOILINPEHE

MATPUIIE.

KOPAK 1.4: IIOBERABAMO i 3A 1, BPARAMO CE HA KOPAK 1.1 3A
CHUCTEM OMMEH3WJE n — i 10 CBOBEHA HA I'OPHE
TPOYTAOHY MATPHUILY.

KOPAK 2: PEIITABAMO T'OPHE TPOYTAOHY MATPUILY
U,c] = [A(n)jb(n)]
zi == (b — > uay), (i=nn—1,...1)

Toxom mpumene [aycoBe MeTone equMuHaluje ¢ u360poM MHUBOTA HHjE
HEOIIXO/IHO MeHhaTH 110JI02Kaj BPCTA Y IIPOIIUPEHO] MATPUIIH, C TUM IITO Y TOM
CJIydajy MOpaMo BOJUTH PadyHa Jia U3 UCTe BPCTe ONpaMO TUBOT CaMO je/THOM
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¥ BPCTe M3 KOjUX CMO OMpaJ/id nuBOT Buille He TpaHcdopmuiiemo. Jla 6ucmo
MOTIJIM JTa TPUMEHNMO TaKaB aJrOpuTaM 3a PadyHApPCKO U3padyHaBambe, MO-
paMo MaMTHUTH U3 KOje CMO BpcTe OupaJiu MUBOT Y KoM Kopaky. To pajaumo 3a-
IIACOM Y KOJIOHA-MATPHIIH, Yhja CBAKA BPCTA IPEJCTaB/ba PEIHN OPOj ITUBOTA.
OBa KoJIOHa-MaTpHIIa MMa HHUIMHjaIHe Bpeanoctd p = [1,2,...,n]7. Cpaxu
IyT Ka/la BPIIIMO 3aMEHY MeCTa BpcTaMma, Ta 3aMeHa Ce BPIIN U Ha BpcTama
KosioHa-MaTpuie p. OBy KOJOHA-MATPHUILY KOPHCTHMO 3aTHM H Y HOCTYIIKY
pernraBama yHa3aJ MaTpHIle Koja je CJWYHA TOPHe TPOyraoHoj, maa Oucmo
3HAJH KOJUM PeJIOCTIe/IOM pelllaBaMo TojeInHaYHe jeTHaUnHe.

9. TaycoBoM MeTOJOM eJMMUHALUje ¢ NapIUjaTHIM THBOTHPAEM, PeIluTH
CHACTEM jeTHaAYNHA!

201 — 629 + 43 — 204 = 8
T1 — 3T +4x3+ 324 =06
4x1 + 39 — 223 + 314 = 3
1 —4xo + 323+ 324, =9

Pememe. [Ipommmpena Marpuia moctaB/beHOI CHCTEMa, je:

2 =6 4 =218
1 -3 4 3|6
A, b] = 4 3 -2 3|3
1 -4 3 3|9

3a npBy KOJIOHY 6UpaMO ITHBOT - TIO aICOIYyTHOj BpeaHOCTH HajBehu esemenT
y TIPBOj KOJIOHW, HaJIa3" ce y 3. BpcTu, na 1. m 3. BpcTa Memajy MecTa:

4 3 -2 3|3
s |1 =3 4 3|6
APT=10 6 4 23
1 -4 3 39

[IpBy BpCTy Yy K0jOj Cce cajia HaJa3u MBOT HE MEHaMO, & CBE OCTaJje TPaHC-
dopmuIIIeMO TaKo Jia ce eJieMeHTn y 1. KOJIoHu anyaupajy. Myaruminkaropu
KojuMa MHO:KUMO k-Ty Bpery, (k= 2,3,4), cy

/
ay, 1 asg, 1 ay, 1

Moy = —— = -, Ma1=—7— =5, Muy=—F=—.
ap; 4 a2 ay; 4
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Cana 2, 3. u 4. BpCTy IpOIIHPEeHe MATPUIE MHOXKHAMO OAroBapajyhum myJ-
TUILJITKATOPOM W Oy3uMamo of 1. BpcTe:

2 _ / 2) /

i j
u j1001jaMo:
4 3 =2 3| 3
0 —3,75 4,5 2,25|5,25
(2) KL — ) ) ) )
A, ] 0 -7,5 5 —3,5] 6,5
0 —4,75 3,5 2,25|8,25

[lonaBpaMo mocTymak Ha cucteMmy oj 3 jemHaumHe. DBupamo mwsoT Meby

. 2
eJeMeHTHMa 2. KoJoHe y 2, 3. 1 4. BDPCTH, U TO je eJIeMeHT dgy = — 1, .
Memamo mecTa 2. U 3. BpPCTH:

4 3 -2 3| 3
0 -7.5 5 —3,5|6,5
0 —3,75 4,5 2,25|5,25
0 —4,75 3,5 2,25|8,25

[A/(2) b/(Q)] _

Jpyry BpcTy y K0jOj Ce HajIa3u NUBOT HE MEHaMo, a 3. u 4. TpancopMuUIeMo
TaKo JIa Cce eJIeMeHTH V 2. KOJIOHH aHyaIupajy. MyJTumimkaTopn KojuMa MHO-
xumo k-ty Bpery, (k= 3,4), cy

a1 dy 19
M32 = —5y = 5, M4z = = 5~
T T T

Caga 3. w 4. BpCTY TPOIMUpPEHe MATPHUIle MHOKUMO O/roBapajyhumM MysiTu-
ITIKATOPOM U OJIy3UMaMO OJ1 2. BpcTe, ¢ = 3, 4:

o = D, o0 =¥ gt
u 100ujaMo:
4 3 =2 31 3
A®) b®) = 0 —-7,5 5 —3,5/6,5

0 0 2 4| 2
1 7 2
0 0 3 44 4%
[lonaB/baMo mocTyTIaK Ha cucTeMy of 2 jennadune, 3. u 4. Kako je cazga
HUBOT y 3. BPCTH, HE MEIHaMO MecTa Bpcrama. 1 pehy Bpcry y Kojoj ce HaJia-

31 MUBOT HE Memamo, a 4. BPCTY TPaHC(OPMHIIEMO TAKO Jia C& eJIeMEeHTH Y
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3. KoJIoHU aHy/upajy. MyJTUIIMKATOP KOJUM MHOXKUMO 4. BPCTY je my3 =
(3)

Q43 __ 1
~# = 5. Caza 4. BpcTy IpONIUPEHe MATPUIE MHOKUMO OBUM MYJITUILIHKA-

a33
TOPOM H OJIy3UMamMo OJ1 3. BPCTe:

agj) = az(ﬁ) — TN43 ag;), 6(4) = bf) — My3 bés)

u 100ujaMo:
4 3 =2 31 3
0 -7,5 5 —=3,5|6,5
0 0 2 41 2
4| o4
0 0 0 3z | 3z

[TocTynkom perraBama yHa3a J00MjaMO pellelbe CUCTeMa jeJHaYnHa;

[A(4), b(4)} —

34
5
I‘4:—4:1
33
1

1
Ty = T75<6,5+3,5$4 —5.T3) = -2

1
T :Z<3—3l’4+21’3—31’2):1

1. x = [1,-2,—1,1]T.
[ |

YKoJmKO TpuMemyjeMo ['aycoBy MeTomy enrnuMuHAIje ¢ ©300pOM MMHBOTA,
na oucmo npuMenman LU aekoMIo3unujy MopaMo BOJAUTH padyHa O TPOMEHT
MecTa BpcTama (M KOJIOHaMa y CIy9ajy MOTIYHOT MHBOTHPaba). Taa, yMecto
JIEKOMIIO3UIIHje ToIa3He MaTpuiie A, BPITUMO JeKoMmno3unujy marpuie PA,
rje je P marpuna nmepmyramnuja qnju cy eqementu 0 u 1, Koja Bpmiu 3aMeHy
BpcTa MaTpuile A TPUINKOM MHOXKema. Ha mpumepy marpuiie aumeH3uje
3, 3aMeHa 2. W 3. BpcTe MaTpuile A peagusyje ce MHOXKEHEM MATPUIIOM

. 100
nepmyranuja P = [8 0 6} .
VY cay4ajy ga cMO NPUMEHUIN 0Ja0up MUBOTA W BPIIHIN 3aMeHe BpCTaMa,
Marpuie A, To Mopamo y3eru y o03up Kaga oapehyjemo perepMHHAHTY

marpuie A. Taga he Baxkuru:

det A = (—=1)"u1 . . . Uy,
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e je m 6poj 3aMeHa BpcCTa.

3agaim 3a BexKOy

21. 'aycoBoM MeTO/0M eTMMHUHAIIA]e C MaplHjaJHIM TUBOTHPAKEM PENTUTH
CUCTeM jeTHaYnMHA, padyHajyhm ca 6 germmmadta.
—T1 + X9 - 3[E4 =4
T + 31’3 + x4 = 0
Lo — T3 — Ty = 3
3z +x3+2r4=1
Pesynrar. ©1 = 1,20 = 2,23 = 0; 04 = —1
22. ['aycoBOM MeTOJ0M eJINMHUHAIIN]e ¢ MaplHjaJHIM TUBOTHPAHEM PENTUTH
cucreM jejHaduHa, padynajyhu ca 6 jgenumadia.
ZB1+3[E2+2$3+$4:2
41’1+21’2+I3+2$4=2
21‘1+$2+2$3+3.’L’4: 1
T1+2x9 +4ws+ 24 =1

Pesynrar. z; = 0,137255; x5 = 0,686275; 3 = —0, 156863; x4 = 0, 117647

23. laycoBOM MEeTOJOM eJIMMUHAIIjE C ITAPIKjaJTHIM TUBOTHPAHEM PEITHTH
cucTeM jegHadnHa, padyHajyhm ca 6 genmvaia.
201 — X9+ 313+ Try = 15
4z + 4y +Txy =11
201 + o+ 23+ 314 =7
6x1 + 5xy + 4dxs + 1724 = 31

Pesyarar. 1 = 1,20 =0;23 =224 =1

3.6 UlrepaTtuBHE MeTOdE

UrepatuBHe MeTome 6a3upajy ce Ha 0mabupy MOYeTHE MPOIEHEe pellermha
cucTeMa JIMHeApHUX jejHadnia obsinka AX = b u ureparuBuor nobosbirama
OBaKBe IPOIleHe.
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[Ipeacrasuhemo JakobujeBy u [ayc-3ajaenoBy ureparuBHy MeTOy, KOje
ce G6azupajy Ha WIeju Ja W3 i-Te jeqHAYNHEe TPEJICTaBUMO HEMO3HATYy I; Ha
caenehn magwmm:

Q12 a3 Q1n by

I = —— Ty — —X3...— —Tp —
11 a1 11 11
a1 as3 Aon by

T9g = ——1I1 - —X3...— —Tp + —

22 a2 22 22

(3.9)
an1 an2 an3 bn
Ly = ——X1 — —oLyg— —T3... + —
noJ, ycsioBoM a; # 0, (i =1,...,n).

JakobujeBa nreparuBHaA METO/Ia

Jakobujesa umepamuena memoda Hactaje w3 obimka cucrema ((3.9) Ha
cuaejgehn HaumH:

k+1 Q12 (k 13 (k Q1n (g by
xg ) = ——:L‘g)——xg)...——x,(l)—i-—
a11 ai a11 ai
(k+1) as1 (k) a23 (k) A2n (k) by
To =——0x -3 ...— —x, +—
22 22 22 22
(3.10)

a a a b

k41 nl (k n2 (k n3 (k n

$g+)———x§)——xg)——wé)... + —

Y MmarpuaHoMm 00/uKY JakoOujeBy uTepaTuBHY METO/LY MOYKEMO 3aInCaTH:

x"D = Bx™ ¢ ¢, (3.11)
rie je
0 _ai2 __Gin b1
ain a1l ail
_a21 0 o a2 by
_ a22 a22 _ | a22
B - . . 9 Cc= .
_ Gn1 __Qn2 O bn
QAnn Ann, e Ann

¥ TOME j€ MMOYEeTHA KOJOHA-MATPUILA UT nje X\Y IpOu3BOJLHO U Ha.
I1 OMe je ToYeTHA KOJOHA-MA a urepanmie x(© mponsBo/bHO H3a6Pana
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[Tpumernmo 7@ je 0BO MCTa METOJ[a KA0 METO/a MTepallije 3a peliaBambe
HeJIMHEADHHUX jeJHAaYNHA u3 cekiyje [2.3] camo caja IpuMemeHa Ha CHCTEM
JUHeapHuX jenHaunmHa. (OBO BHIUMO aKO 3alumIeMo JakoOHjeBy MeTOmy y

0BJINKY:
x* ) = g(x™) = Bx® +c,

ryie je G mpecnKaBame KOJIOHA-MATPHUIIA.

l'ayc-3ajaesnioBa mTepaTuBHA METOA

JakobujeBa urepaTuBHA MeTONA MoApasyMeBa ga ce y (k + 1) urepanuju

. k+1 k+1
U3padyHaBajy BpeJHOCTH :cg ), . ,x% ) KopucTehu mMpeTxoaHo U3padyHaTe

BpegHocTu y k-T0j Wrepanuju xgk), e ,xﬁ[‘“). Mebhyrum, nocmarpajyhu obJink
ureparusHor nocrynka (3.10), Buaumo na y (k+1) nrepanuju najupe onpeby-
JEMO BpeTHOCT x&kﬂ), a 3aTUM xgkﬂ), KopucTehu NnporeHy 3a IpBy HEMO3HATY
xgk). OBaj mocTynak MoKeMO yOp3aTu KOpUIThemeM nocaedive u3pauyHame
npoyere 3a HEMO3HATY xgkﬂ) YMECTO MPOIIeHe U3 MPeTXOIHE UTepallnje xgk).
[Ipumemyjyhin oBaj nocrynak 3a cse npomensbuse y (k + 1) ureparnuju mobu-

jamo layc-3ajoesosy umepamueny memody:

k+1 a12 (k 13 (k A1n (g by
xg ) = ——xé)——a:g)...——x;)+—
a1 a1 aii a1
k+1 a1 (k+1 a23 (k a2 by
x§+):——x§+) ——xg)...——nx%k)—l——
22 a22 22 ag2
(3.12)
anl  (k+1 An2  (k+1 an3  (k+1 b
pfD = g _ S D i)
Ann QAnn Ann Unn

Y maTpuyHOM 00uKY 3a ['ayc-3ajmesioBy HTEpATUBHY METOIY BaKWU:
xHD = Bix**+) 4 Byx® 4 ¢

(I —B)x* D = Byx® + ¢
x* D) — (1 — B) 'Byx® + (I - B;)lc
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re je
0 ... 0
—e 0
B1 — a2
__Gn1 _ Gn2 0
Ann Ann
0 —a2 _ ain b
ail ail ail
__22n 2
B, — 0 0 az2 | a2z
2 — . . ) Cc =

0 0 0 -

ann

[Ipu ToMme je moueria Koaona-Marpura nreparmje X0 mponssosbHo m3abpama.

Yca0Bu KOHBEPTEHITNje U KPUTEPHUjYMH 3ayCTaB/haiba

[ToxaceTrnmo ce ycaoBa cmpozo dujazonastie OMUHAHMHOCMU, Tj. 13 je
CBaKW JIMjaroHAJIHU eJIeMeHT MaTpHuIle IO allCOJYTHO] BpeaHOCTH Behm o1
30Mpa alCoJyTHUX BPEIHOCTH IPEOCTAJUX KoedHulldjeHaTra y HCTO] BPCTH

MaTpHIle, Tj.
n

jail > > layl,  (i=1,...,n), (3.13)

J=1,j#i

Teopema 3.1 Axo je mampuua A koepuyujenama cucmema Ax = b ecmpurm-
HO dujazonaaro domunanmmua, mada Jaxobujesa u layc-3ajdenosa memoda
KOHGEP2UPAJY KA PEWEHY CUCTNEME, 34 NPOU3BOLHO 00a0PAHY NOUEMHY 8PE]-
nocm x(©.

[Ipumerumo 1a je yCa0B CTPOTO jAHMjaroHAIHE JTOMHHAHTHOCTH CAMO JI0-
BOJbaH YCJIOB, He u noTpedan. Hanme, mocToje MaTpuiie Koje He HCITYHaBajy
0Baj YCJOB, a OBe MeTOJle UMTaK KOHBEPIupajy.

YCJI0B CTpOro JujaroHajiHe JOMHUHAHTHOCTH 00e30eljyje na mpu TpaHc-
dopmMalmju 0Ja3HOI CUCTEMA JIUjarOHAJIHE KOePUIIMjeHTH KOJUMa JIeJTUMO,
a;, (1 =1,...n), 6yny pasanuuru oz 0.

VKOJIMKO OBaj yCJ0B HHUje UCHYHEeH, MOTPebHO je /1a ce eJeMeHTapHUM
TpaHcdopMaljaMa MoJa3HA CUCTeM TPaHCHOPMHUIIIE Y BeMy eKBHBAJIEHTAH,
KOjU HCIYHhaBa 0Baj yCJIOB.

Nako ce MOxKe YMHUTHU JIa je yCJIOB CTPOI'O JIMjaroHaJIHe JIOMUHAHTHOCTH
JTOCTa PECTPUKTUBAH, MHOTH MPUMEHEHN TPOOIeMH I'a UK HCIyHbaBajy. 1o
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cy Hajdelrthe cucTeMu BEJMKHUX JUMEH3Hja Ca MaTpHUIlaMa CUCTeMa Koje Cy
perke (umajy muoro ehm 6poj Hyna esemenara). OBakBH CHCTEMH 4YeCTO
ce jaBJbajy KOJ aHaJu3e KoJia, WM KOJI HyMEPHUYKOI' pellaBarba OOMIHUX
JuepeHnnjaJTHIX jeJHAYHHA ca TPAHUIHUM YCJIOBHMA, KA0 M IIAPIHjAJTHUX
nucepeHnujaTHIX je THATHHA.

Y ommreMm ciay4ajy, [ayc-3ajaenoBa Meroma mocra Op:ke KOHBEPrupa y
onnocy Ha JakobujeBy meromy (mos oxpehernm ycmouma u Jyiio opxe). C
JpyTe cTpaHe, KOJ PellaBamha CHCTeMa BeJNKUX JUMeH3uja (Bule XnjbaJia)
MM CMHCJIA HIPUMEHUTH HapaJie/IHO NPOrpaMupaibe 3a u3padyHaBambe pele-
Ba, a 33 TO je MpUMepeHnje KOPUCTUTH JaKkoOujeBy MeToy.

AKko je 3axTeBaHa TAYHOCT £, KPUTEPHUjyM 3ayCTaB/batba JAT je Y OJHOCY
Ha HOPMY pasJiuke JBe y3acromnne ureparuje. Hajuenthe yzumamo [, HOpMY
7 CTajeMo KaJla je UCIYhEeH YCJIOB

I =X o = max [ — 27V < (3.14)

=1,..,

Y cayuajy kazga je raunoct € = 0,5-107™, yenos (3.14) 3raun ga ce BpegnocTn
aBe CcycepHe mTepanuje nokianajy va m geunmana (Ipnvep 3y Tnasu [I)).
Jpyru KpuTepujyM 3aycTaB/barha KOJI MOXKEMO KOPUCTUTH jecTe:
Hx(k) — X(k_l)HOO

(BRI [PS

<E.

10. MreparusHoM MeTOIOM peLIMTH CHCTEM jeJHauduHa

1,02z; — 0,052 — 0, 1023 = 0, 795
—0, 1171 + 1,03z — 0,05z5 = 0, 849
—0,112; — 0, 1225 + 1, 0425 = 1,398

ca Taunomhy € = 0,5 - 1074

Pemteme. 3anarak hemo pemmurn Jakobujesom u Iayc-3ajaesoBom ure-
paTtuBHOM MeToj0M. Marpuna koeduiujeHaTa CUCTEMA jeIHAYNHA jé CTPOTo
JIMjaroHaJTHO JIOMWHAHTHA, Tj. UCIYHEH je YCIA0B

11,02| > | — 0,05] 4| — 0, 10|

1,03 > | — 0,11] 4| — 0, 05|
1,04 > | — 0,11 4+ | — 0,12
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na he obe urepaTuBHe METO/E KOHBEPIUPATH Ka peliey. 1T pancdopMuIimmo
MOJIA3HU CUCTEM Ha CIeaeNu HATHH:

0,05 0,10 0,795

T = T2 T3
1,022 71,02 1,02
0,11 0,05 0,849
27 103" 103 103
0,11 0,12 1,398
BT T T oa™ 1,04

3 nperxoaHor ob/IuKa cucTeMa jetHadnna popMupahieMo nTepaTuBHE IPOIEC
3a 00e MeToze.

Jaxobujesa umepamuena memoda: Vteparushu mporec ¢hpopMHPAMO Ha, CJie-
nehn HauwH:

(b+1) 0,05 4y 0,10 4 0,795

Ty = — Ty — 3 -
1,02 1,02 1,02

iy 0,11 0,05 ¢ 0,849

T2 1,037 103" T 103
w011 gy 0,12 g 1,398

BT T T4 1,04

ca mouernom spenomhy x(© = [0,0,0]”. C o63mpoM Ha 3amaTy TadHOCT,

cTajeMo ca urepanyvjaMa KaJjla ce BPEJHOCTH 2 CyCceJlHe WTepaluje MOKJIOoe
na 4 gemumaze. Kako 6ucMo ymMamuIn yTUIA] I'PEITKe 3a0KPYKUBabha Ha
pe3yaTar, ¢ 063UpOM Ha JIe/behe, MOKEMO WJIU JIa Y CBAKOM U3PadyHaBaIby
JICJTEMO Ca BPEJIHOMINY a;;, WK Ja HAKOH JIe/beiba 3a0KPYZKY]jeMO BPeTHOCTH
Ha MaJio Behu Opoj JenumaJria Hero mro je norpedHo. PopmupamMo Tadesry
nTepanmja;

T To T3

0 0 0
0,7794 | 0,8243 | 1,3442
0,9516 | 0,9728 | 1,5218
0,9763 | 0,9998 | 1,5571
0,9811 | 1,0041 | 1,5628
0,9818 | 1,0049 | 1.5638
0,9820 | 1,0050 | 1,5640
0,9820 | 1,0051 | 1,5641
0,9820 | 1,0051 | 1,5641

0 3O Ul Wi~ O x
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JakoOujeBOM UTEpaTUBHOM METOJOM CMO IIOC/Ie § uTepaluja A00uau peremne
nosia3Hor cucrteMma jeqnadnua T = 0, 9820, x5 = 1,0051, 3 = 1, 5641.

TIayc-3ajoenosa umepamuena memoda: UtepatuBuu mpoiec (popMupamMo Ha
caenehn Havmm:

(41 _ 0,05 4 0,10 @ = 0,795
71 L2 Tre™ T
(k1) _ 0,11 g1 0,05 & , 0,849
2 1,037 TT03™ T 103
RV 0,11 (k—i—l) n 0,12 (k+1) 1,398
3 1,0 1,04 1,04
ca mouernom speanomhy x© = [0,0,0]7. V oBoj MeToan 3a m3pavyHaBambe

Tekyhe npubamzKHe BpeIHOCTH HEIIO3HATE KOPUCTUMO MOCJIEIIHe H3padyHaTe
npubIMzKHEe BPEIHOCTH 33 CBAKy HEIO3HATY, 0e3 o03upa Ha TO y K0joj Cy
urepanuju ojapehere. Popmupamo Tabesry ureparmja:

k I ) T3

0 0 0 0

110,7794 | 0,9075 | 1,5314

2 10,9740 | 1,0026 | 1,5629

3 10,9818 | 1,0050 | 1,5640

4 10,9820 | 1,0051 | 1,5641

5 10,9820 | 1,0051 | 1,5641
layc-3ajme10B0M UTEpATHBHOM METOI0M CMO MOCJIe b UTepalnja 1001 HCTo
pemerbe Kao u JakobujeBom Mmeromom, T; = 0,9820, o = 1,0051, z3 =
1,5641.

|

11. Tayc-3ajuesi0B0M UTEPATUBHOM METOJIOM PELIMTUH CUCTEM jeHaduHa;

201 + 819 + 3x3 + 14 = —2
209 — x5+ 4x4s =4

Tr1 — 229 + 234+ 224 =3

—x1 + 523+ 214 =5

ca Taunomhy € = 0,5 - 1074
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Pememe. IIpumvernmo j1a KoedunujeHTH CUCTEMa HE HCIYHABajy YCJIOB
cTpore aujaroHajHe JoMuHaHTHOCTH. Jla OGucmo Morm jna npumenumo [ayc-
-3aj1eJI0By METO/LY IOTPEeOHO je Jla U3BPIIUMO TpaHchopMaIujy MoJa3Hor
cucTeMa ejJeMeHTapHUM TpaHcdopMaljaMa y e€KBUBAJEHTaH CHCTEM KOjH

UCTYhaBa 0Baj YCJI0B. Y OBOM cJIy4ajy Omhe TOBOJLHO J1a TTPOMEHUMO MeCcTa
jeaHadynHaMa;

Tx1 — 209 + T3 + 224 = 3

201+ 819+ 3x3 + x4 = —2

—1 4+ bx3+ 214 =05
209 — x5+ 4z =4

U3 i-Te jennadnne m3pasmhemo mpoMeHbuBy x; u popmupamo [ayc-3aj-
JA€JIOB UTEePAaTUBHHA IIPOLEC:

2 1 2 3
ki1 k k k
2 = ;x(z)—§xé)—§§1)+§
2 3 1 2
k+1 k+1 k k
1’5 ):—gxg ) —gﬂfg)—gz(;)—g
1 2
xgkﬂ) = —xgkﬂ) + ——xik) +1
5) 5)
2 1
2D = _2p0m 4 o i
4 4
ca nogerrom speanonthy x(© = [0,0,0,0]”. C o63upoM Ha 3a7aTy TadHOCT,

cTajeMoO ca WTepallijaMa Kajia ce BPeIHOCTH 2 cyceJlHe UTepalje MOKJIOIe
Ha 4 germumane. PopMupamMo Tadey UTepalyja:
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k 1 To T3 T4

0 0 0 0 0

1 0, 4286 —0,25 1 1

2 | —0,0714 | —0,7322 | 0,5857 | 1,5125
3 | —0,2964 | —0,5846 | 0,3357 | 1,3762
4 | —0,1796 | —0,5030 | 0,4136 | 1,3549
5 | —0,1613 | —0,5341 | 0,4258 | 1,3735
6 | —0,1773 | —0,5370 | 0,4151 | 1,3723
7 | —0,1762 | —0,5332 | 0,4158 | 1,3706
8 | —0,1748 | —0,5336 | 0,4168 | 1,3710
9 | —0,1751 | —0,5339 | 0,4166 | 1,3711
10 | —0,1752 | —0,5338 | 0,4165 | 1,3710
11 | —0,1752 | —0,5338 | 0,4166 | 1,3710
12 | —0,1752 | —0,5338 | 0,4166 | 1,3710

layc-3ajmeoBoM uTepaTuBHOM METOJIOM mMocjie 12 mrepaluja 100HjamMo 1mo-
KJalame BPpeJIHOCTH Ha 4 menmuMadie u pememe T, = —0, 1752, To = —0, 5338,
r3 = 0,4166, 4, = 1, 3710.

|
3agaiu 3a BexKOy

24. JakobujeBom u 'ayc-3aj1e,10BOM HTEPATHBHOM METOIOM PEITUTH CUCTEM
jeHaUMHA, padyHajyhu ca 5 JenuMada.
1021 + 1,0029 + 1,6525 + 1,272, = 1,75
1,0521 + 929+ 1,103+ 1,412y = 2,3
1,65x1 + 1,102 + Tx3+ 1,604 =3
1,272y +1,41z9 + 1,623+ 624 =6

Pesyarar. z, = 0,01577; 29 = 0,08455; x5 = 0,20052; 24 = 0,92332

25. JakobujesoMm u I'ayc-3ajneioBoM HTEpATHBHOM METOJIOM PEIIUTH CHCTEM
jenmaunna, ca taunonthy 0,5 - 1074,
10.’131 + 21’2 — T3 = 27
—3ZL‘1 - 61’2 + 25(73 == 61, 5
1 + 22+ 523 =0,7

Pesynrar. 1 = 0,6536; 2, = 9,3059; 23 = —1,8519



I'maBa 4

Nurepnoaamuja

Murepuoaaiuja npejacrapiba nocedban ciydaj apokcumaiuje pyHkiuja u
OCHOBA je 3a MHOTe JIpyre MeTOjie KOje IPeICTaB/baMO y OKBUPY OBOT Kypca.
Y 0BOM 0J1e/bKY PAJAMMO caMo ca (pyHKIHjaMa jegHe TPOMEH/bUBE, Maja Ce
TeMa MOzKe YOIIITUTH U Ha (pyHKIHje BUIIE IPOMEH/bUBHX.

IIpumep 1. [IpermocraBumo ja cy HAM MO3HATE BpeHOCTH (PYHKIHjE Y
JIBe Ta4Ke:

z ]0,32]0,53
flx) ] 1,27 ] 2,04

VKOJIUKO KeJIUMO Ja MPOIEHUMO BpeaHocT oe dyHKIimje y Tauku 0, 38,
Moru 6ucmo ja npermocrasumo jaa je f(0,38) Guucka BpeaocTH DYHKITH]E
y HajOIMKOj TadKH y KOjoj HaM je To3HaTa BpeaHocT dyukmmje, 0,32, ma
6ucmo yzemm ma je f(0,38) = 1,27. Uako je oBO permeme HajjeTHOCTABHU]E,
[IOCTAaB/bA, C& MUTAHE /A JIU HA OCHOBY MO3HATUX MOJATAKa MOXKEMO /14 U3BP-
MUMO KBaJuTeTHHjy nporeny. C 063upoM Ha TO jJa Cy HaM MO3HATE 2 TadKe
KpOo3 Koje mposas3u rpaduk dyaknuje f, pasymMHO OU OUJIO MPETIOCTABUTH
na he Bpennoct uHeapue dbyukimje [(z), yuju rpaduk mposrasu Kpo3 3ajare
Tauke, OUTH OJHMCKA BpeaHOCTH mosgasHe dhyukmnuje f y taukn 0, 38.

MuTepnonamnuja noapasymeBa Ja MoJa3Hy (DYHKIH]Y 3aMEHIMO HEKOM
JIPYTOM, HHTEPHOJAIMOHOM (DPYHKIIMjOM, YHje Ce BPEJHOCTH IOKJIAIAjy ca
BpeIHOCTUMA T10J1a3He (DYHKIIAje Ha JUCKPETHOM CKYIYy Tadaka.

Moxke ce jecurtu jia je pyHKIHja 1Mo03HATA CaMO CBOjUM BPEIHOCTHMA Y
JINCKPETHUM TAdYKaMa, HEe U aHAJUTUYKUM OOJIMKOM, HIIP. aKO CYy Y MHTAY
PEe3YJATATH U3BEIEHOT MEPerha Y TI0jeIMHINM BpeMeHCKnM Tpenyuma. C apyre

63
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cTpaHe, MOXK/Ia PaJUMO C KOMILUIMKOBAHOM (DYHKITU]jOM, 3a/[aTOM Yy €KCILIH-
IUTHOM WJIM UMILIAIIITHOM OOJIMKY. YKOJMKO je M3padyHaBaihe BPeIHOC-
TH OBaKBe (PyHKIHje 3aXTeBHO, MOXKEMO [1a je MHTEPIOJHPAMO H JIa YMeCTO
n3pavdyHaBamba BPETHOCTH TOJa3He (PYyHKIHUje PAIUMO ¢ WHTEPHOJIAIMOHOM
dyHKIIIjOM. ¥ 0BOM cJIy4ajy uMaMo cao0oay m3bopa Tadaka y Kojuma hemo
BPIIIUTU WHTEPIIOJIAIA]Y.

Nurepnonamuony (GbyHKIUjy MOXKEMO KOPUCTHUTH 3a TpeJBHhaibe Bpe/-
HOCTH (PYHKIMje Yy TaYKN KOja He MPHUNaJa JUCKPETHOM CKYIy Tadaka y
KOjUMa BpIIHMO HHTepIoJanujy. Takohe, MOxKeMO 3aMEHUTH 0J1a3Hy (PYHK-
MUjy HEHOM UHTEPIOJTANUOHOM (DYHKITNJOM MpH AudepeHInpamy WId HHTe-
rpamuju. Jlobpa unrepuosianuona dynkuuja Tpeda ja Oyje TakBa Ja JaKO
BPIIUMO HM3padyHaBarma, ajanm Takohe ma Oyme , A0BO/bHO  OJMCKA TOYETHO]
dyHKII)A.

Mu hemo ce 6aBUTH ITOJTMHOMCKOM HHTEPIOJIAIIMJOM, KaJa je HHTepIIOo/ia-
nuoHa YHKIH]a TOJHHOM OJroBapajyher creneHa.

4.1 IloamHOMCKA MHTEPHIOJIAIN]a

[Ipernocrasumo ja je dyuknuja f : [xg, z,] — R Hempekumna u ga cy

MO3HATE theHe BpeaHoctn y (n + 1) Taukn zo < x1 < ... < zp, f(z;) = fi,
1=20,...,n. O3Ha4UMO MOJUHOM N-TOI' CTEIIEHA Ca,
n
pn(z) = Z a;xt = ag + a1z + ... + a,a™. (4.1)

1=0

Jla 6m OBaj MOJUHOM OHO UHMEPNOAGUUOHU NOAUHOM 30 Pyukuujy f Ha
HHTEPBAJIY [T, T,], MOTPEGHO je Ja UCIYhaBa yCIOoBe:

Tauke z;,7 = 0,1,...,n, HA3UBAjy ce 4680POBU UHMepnosayuje. I'eomeTprjcka
HHTEepIpeTaluja HHTepIoalyje (pyHKIuje jecte 1a Tpeda oapeuTH MOJTUHOM
crenena n uuju rpaduk Opostasu Kpo3 Tadke (z;, fi),i =0,...,n.

IIpumep 2. ®@opmupajMo HHTEPHOJAIMOHU MOJUHOM IIPBOT CTeleHa
p1(x) = ag+ax 3a MO3HATE BPEIHOCTH Y YBOPOBUMA T(, 1 HA OCHOBY Tabesie
BPEIHOCTH:
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13 uurepnonanuonnx yeiaosa (4.2) oapehyjemo nenosnare koedunujenre ag
n a1, HHTEPIIOJANUOHOI ITIOJIMHOMA P1q:

pl(xo):ao—l—al-():5
p1($1>:a0+a1'1:8

PemmraBamem oBOT cucTeMa jeTHAYMHA JOOWjaMo 7a je ag = 5, a; = 3, 1a je
pi(z) =54 3z.

DopMupajMo caJla HHTePIIOJAIHOHH HOTUHOM Po(T) = ag+a1x+asz? crenena
2, Ha OCHOBY BpenHOCTH y cBa 3 mosHara 1sopa. (OBue cy ag,ai,as HOBU
HenosHatu Koedunujertn.) PopMUPAMO CHCTEM Ha OCHOBY HHTEPIIOJIAIHO-
HEUX yCJI0BA:

]91(1‘0):@0—1-@1-0—1-@2-02:5
pi(z) =ap+ar-1+ay-1>=8
p1($2)=ao+a1-2+a2-22:9

PemapameM oBor cucreMa jegHaunHa, 100HjaMo KoepUInjeHTe ITOJHHOMA, dy =
5, a;y =4 ay = —1, Tj. MHTEPIOJAINOHN TMOJIUHOM 2. CTeleHa 3a JlaTe BpeI-
HOCTU (PYHKIIHjE je

po(z) =5+ 4z — 2°.

Yuopeumo rpaduke THTEPIOJAIMOHUX TOJUHOMA P U Po.

[Tpumernmo ma rpadunu oba WHTEPIOJAINOHA TTOJUHOMAa MOPajy Jia ca-
napzxe tadke (0,5) u (1,8). Bpenuoct nonunoma p;(2) = 11 passukyje ce o
BpeaHocTn 3agare pynkmyje 3a 2. Mako ¢y 06a HOIMHOMA HHTEPIOJAIAOHI
3a HCTe BpeaHoCTH (PYHKIK]e, IPUMETHMO Ja ce, Hup. y Tadku 0, 5, Bpe1nocTn
nosimHOMa Takohe paznukyjy, p1(0,5) = 6,5 u p2(0,5) = 6, 75.

Je,I[I/IHCTBeHOCT MHTEPIIOJIAaIINnOHOr IIOJMHOMA

Teopema 4.1 Hexa je dynruuja [ : [xg,z,] — R nenpexudna u s3adama
ceojum spednocmuma y (n+ 1) mauku xo < x1 < ... < Ty, ca fi = f(z;),
1=0,...,n. Tada nocmoju jedurncmeen nosuHom obauKa 7 mj.

n
pu(T) = Zaixi =ay+ar+...+ax"
=0
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pi(x)

P2 (J)

-2 -1 0 1 2 3 \ 5 6

Commka 4.1: aTepro/ianonu mo/JIMHOMEA P U Py, HPUMED 2

maxas 0a je ucnyrber Ycios , myj.
pn(xz):fz, 7::0,1,...,71.

oxas. Axoy jemnakoctu (4.1) samennmo n+ 1 yenos (4.2)), nobujamo cucrem
JWHEAPHUX jeqHaqnHa 3a onpehupame Koedurmjenara ag, . . . , Gy.

-1
ap+ai1xo+ ... +ap_1xy  +anxg = fo
-1
ap+ a1z + ... +ap_12] " +anxl = fi

-1
ap + a1Tp + ...+ an—1z, - +anz, = fn

OJTHOCHO Y MATPUIHOM 3ATHCY:

1 xz x% ..oz |ao fo
2
1 xf ... V| |a1 f1
1 2 " [
Tn T x| |an n
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JerepmunanTa MaTpuite koedurujeHara cucremMa je Bandepmorndosa demepmutar-
n

ma, I1ja je BPeTHOCT H (;—x;) pasauunra ox 0, I1a CHCTEM UM jeJUHCTBEHO
§,j=0,i>j
perieme 3a koedUUjeHTe THTEPIIOJIAIHOHOT TOJTHHOMA.. O

[TormTo mpUMEHOM PA3IHIATUX MeToIa (POPMUPAMO HHTEPIIOIAINOHE TI0-
JITHOME Paz3InduTor 00/IMKa, je/IMHCTBEHOCT MHTEPIIOIAIMOHOT TTOJIMHOMA T'a-
panTyje ja he, 6e3 0b63mpa Ha NPUMEHmEHy MEeTOAy W OOJIUK, pe3yarar OuTu
uctu. Mmak, 300T rpeike 3a0KpyKUBaba MOzKe JIONU 710 MambUX OJCTYIIaba
y pe3yJaTary.

Jloka3 npeTxo/He TeopeMe HaM JIaje U HAYWH J1a 0Jpe Mo KoedunujeHre,
1a caMUM TUM U nHTepunoanuonn noaunaom. Mehyrum, Bangepmongosa ma-
TPUIA MOXKe OUTH JIOIE yCJIOBJ/beHA, moceOHO ca noBehamem crernena moJm-
HOMa win noBehameM JyKuHe WHTepBaia [To,X,|, U 3axTeBa BeJUKH OPOj
U3padyHABAIba YKOJIMKO OMCMO IpUMEHHJIH [aycoBy MeToay eJquMUHAIM]e.
3a oapehuBambe HHTEPIOJIAIMOHOT TOJHHOMA KOPUCTHNEMO JIpyravinje MeTo/Ie,
Koje cy duiekcubuiiauje u ojgpehyjy moJMHOM y O0JIMKY KOjU je HOTOHUjU 3a

pan.

4.2 JlarpaH2koBa MHTEPIIOJIAIN]ja

ﬂaI‘paH}KOB WHTEePpIIOJIAIINOHN ITIOJINHOM

Heka je dyukimuja f : [zg,z,] — R HempekugHa u 3a1ata cBOjuUM Bpe/i-
HoctuMa ¥ (n + 1) tauku xp < 21 < ... < Xy, ca f; = f(z;), 1 =0,...,n.
OsipeinMo Hajmpe MOJTUHOM [;(x) cTeneHa n KOju UCIyHhaBa yCJIoB:

li<xj)={ > j.fj., i,j=01,....n

To 3uaqu jga rpaduk noauHoMa ;(z) cede x ocy y Taukama To, . . ., Ti_1, Lit1,
, . Kako ce mosmHoM [;(x) aHyampa y OBHM TadyKaMa W CTeleHa je n,
MOpa OUTH 00/IUKA:

li(z) = ci(x —xo) ... (x — i) (x — mig1) ... (. — xp).

Koucranty ¢; onpeljyjemo u3 yciosa [;(z;) = 1, ma 3aMeHOM y TPETXOIHU
IOJIMHOM 00ujaMo J1a je

e (x—x)(x—21) ... (x — i) (x — wi11) ... (T — )
ll( ) B (% - xo)(% - xl) e (Iz - $¢_1)(SL‘¢ — xi“) o (xZ — xn)



I'ZIABA 4. HHTEPIIOJIALIIIJA 68

Cata MOXKEMO 1a OJPEIMMO W MHTEPIOJANNOHN TOJHHOM CTEIeHA N

—Z x—xo (x—21) ... (r—zi)(r —2iq1) ... (x — xp) £

i —o)(@i — @) . (@ — 2 (T — @) - (@ — Tn)

[Momunom L, (x) nHasusa ce Jlazpanstcos unmepnoiauyuory nosuHOM. 3aucTa,
uciymwenu cy yciaosn ([4.2)):

) = liz)) fi = Li(x)) fi = ;.
=0

dpyrm HaumH 3anuca JlarpaH>KoOBOT MHTEPIOJIAIMOHOT MOJMTHOMA

ﬂanaH}KOB HHTEPIOJAITIOHN ITOJIUHOM MOXKEeMO 3alluCaThu Ha APYyT'u Ha-
YUH, KOju je e(DUKACHUjU 3a M3padyHaBaIbE. Y BEIUMO ciejehy O3HaKy 3a
MIOJIUHOM cTerneHa n + 1:

() = (x —xo)(x — 1) ... (T — ).
UckopuctulieMo U NpBH U3BOJ, OBOI TIOJMHOMA, Y TAYKH &;:

I, () = (@ — o) (2 — 1) oo (2 — mima) (@ — Tigr) -+ (25 — @),

Kopucrehu oBe o3nake, JlarpankoB HHTEPIOJIAIMOHN TOJTHHOM MOYKEMO 3a-
nucaTu Ha ciaegehn HadwH:

n

1
Lo(e) = Ty (2) ) ———
Y caydajy Kaja je moTpeOHO J1a U3padyHaMoO BpeIHOCT JlarpaHKoBOr HHTEp-
MOJIATTMOHOT TTOJIMHOMA Y KOHKPETHO] TauKW X, a He W Ja (popMupamMo cam
MOJIMHOM, MOYKEMO KOPUCTHTH CJieJlehy meMy 3a u3padyHaBarbe.

. (4.9)

(x —x9) (xo—x1) ... (xog—mp) | Do(x)

(x1 —x9) (x—x1) ... (21—x,) | Di(2)

(Xp —x0) (T —21) ... (T —1p) Dn(a:) (4.4)
1_[n-i-l (33)




I'ZIABA 4. HHTEPIIOJIALIIIJA 69

Osne je ca D;(x) o3Hauen npon3Boj eaeMenarta y Bpery, a ca 1, (z) npo-
M3BOJ ejleMeHarTa Ha jujaroHasn. Kopucrehu oBe o3Hake, BPeJHOCT HHTep-
IIOJIAIMOHOT [OJMHOMA y TAYKH X U3padyHaBaMo Ha ciejelin Hauun:

L(x) = i (2) Z D};f("x).

4.3 Omnena rpemke MHTEPHOJIAII)E

o cajia cMo npernocrab/bajin Jia je PyHKIKja KOJy MHTEPIOJINPAMO He-
MPEKUIHA, KAKO OM IheHa AlPOKCUMAIlNja MOJTHHOMHMA MMaJja cMmucia. Jla
OucMo Morm Ja ce 6aBUMO OIEHOM TPeIiKe, Tj. KOJUKO WHTEPIOJIAIUOHH
MOJIMHOM OJICTYIIA OJ BpeJHOCTH (DYHKIMje, TOTPeOHO je /1a TPeTIOCTaBIMO
Ja (byHKIHja UMa U OAroBapajyny IriIarkocT.

['pemky mHTepHOIaIM]je n3pa3uheMo Kopucrehu Lo, Hopmy HEIPEKUTHUX
dbyuknuja vHa uarepsany [a,b], nedunucany Ha ciegehn HaunH:

[flloe = max [f(z)].
z€[a,b]

Teopema 4.2 Hexa je f € C"[xg, z,] 3adama ceojum epednocmuma y (n+
1) mauku xo < 1 < ... < x,, ca fi = f(z;), 1 = 0,...,n, u neka je
Pn 00206apajyhiu unmepnosayuonu nosunom. Tada sa ceaxo T € [Tg,Ty,)
nocmoju mawka § = £(x) € [xo, x,| marea da je

(n+1) n
JEHTS) H(x — x;). (4.5)

!
i=0

f(x) —pu(x) =

Zodammno, sasicu caedeha ouera 3a 20prbe O2paHuUYEre 2pewke:

n

1f = palleo < ( @) max ] ls — il (4.6)

—— m
n —|— 1)' te[mo,l‘n] 86[.1’071%] 1=0

/loxa3z. 3a x = x; rpemka je 0, ma Tephee TpUBUjATHO Baxku. 3a T # T;,1 =
0,...,n, mocMaTpajMo QyHKINA]Y
p(t) = f(t) = pn(t) = Mlng1(2),

rie KOHCTaHTy A ompehyjemo tako jga Oyje ucnymen yeaos ¢(x) = 0. To snaunm ga
he dyuknuja ¢ nmatu 6apem n+ 2 Hyne, , xg, .. . , T,. Ha ocaoBy Poose Teopeme
0 CPeJib0j BPEIHOCTH 3aK/byUyjeMo Ja mocToju £ € (g, Ty) 32 Koje BaXn

e (€) = 0.
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IMpumerunmo f1a je ngnH)(t) = 0 (mosmHOM cremena n) u Hgfll)(t) = (n+1)!

(mosmmrOM crenena n+ 1 ca Bomehnm xoedurnmjenrom 1). U3 nedununuje dynkmmje
@, ysumajyhu (n + 1) usson u 3amewyjyhin t ca £, umamo na BaxKu:

0= (€)= FOTI(E) — Mn + 1)L,

ARl (3)
(n+1)!

Onasge je A = . Kaga yspcrumo oo y u3pas 3a dbyukuujy ¢(£), mobujamo

-~

Kaxko tauka { = &(x) Huje mo3Hara, MOXKeMO y3ern orpanuuere rperke (4.5
33 CBe BPEJIHOCTH T Ha WHTEPBAIY [T(, Ty], Kopucrehin Lo, HOpMY 3a (n + 1) u3Boj
bynxuuje f:

1O = max |f0D ().
te€lzo,xn]

Camano, MoxkeMo y3eru u MakcumyM nosmHoma |1, 41 (z)| mo unrepsany [zg, ),
quMe J1061jaMo OleHy 3a [Opib-e orpanuderbe rpemke (4.6)). O

3a KOHKPETHY BPEJIHOCT X € [Xq, ;] KODUCTUMO OUEHY 2DEWKE Y TNANKY
x,y osnamn R, (z), y3 ysoheme cienehe ozmake || f" |0 < M,y1, y 06uKy:

Mn+1
Bu() = /(@) = pu(@)] < =57 M (2)] (4.7)

OBe omene rperike Bazke 6e3 003upa Ha TO y KOM je OOJIMKY MCKa3aH WHTEp-
MOJIAIMOHK IIOJIMHOM, IIITO je Y CKJAIy C IerOBOM jeIMHCTBEHOIINY.

12. Oynknuja f(x) = cos x je Tabenupana CBOJUM BPEIHOCTHMA Y YBOPOBHMA
Ty = 0,$1 = 0,6;132 = 0,9

1. Koncrpyucaru JlarpanzKosB MHTEPIOJIAIMOHN TTOJIMHOM 2. CTEleHa 3a
dyuknujy f(x) 3a yBopose uHTepnoganuje o = 0;x; = 0,6;29 = 0,9,

2. OgpeauTu OIEHY 3a TOPIbe OIPAHHYEHHE I'PEIKe.
3. Nspauynaru Lo(0,45) u ompeauru oneny rpemike y tauku Ry(0,45).
4. Yuopemnrn Ry(0,45) ca crBaprom rpemkom |f(0,45) — Ly(0,45)].

Pemteme. Cpa nzpadyHnaBama TPUTOHOMETPH]CKUX (DYHKIMja € BPIIE y
paanjarnma. Pyukuja f(x) = cosz je mara caegehiom Tabeaom:

z |0 0,6 0,9
cosz | 1] 0,8253356149 | 0, 6216099683
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1. JlarpaH»KoB HHTEPIIOJIAIMOHH TOJUHOM 2. creneHa 3a Gyukimjy f(x) =
cos x je obyimka:

(z—0,6)(z —0,9) (z = 0)(xz —0,9)
Lo(z) = 1 .0, 8253356149
(%) = 020.600-0.9 LT 0.6-010.6-0,9 "
L @=0@=0.6) 46016000683

(0,9 0)(0,9 — 0,6)
(v —0,6)(z—0,9) N z(zx —0,9)
0,6-0,9 0,6(0,6 —0,9)
z(z —0,6)
0,9(0,9 — 0, 6)

-0, 8253356149

- 0,6216099683

Cauka 4.2: arepnonanuonn nosnaoM Lo(x) n dyrkuuja f(z) = cosx
2. OapenuMo OleHY 3a rOpEE OrpaHuverhe rpenke Ha ocHoBy (4.6)):

I1f = Lallo S% max |f"(t)]- max |(z —0)(z —0,6)(z —0,9)].

t€[0;0,9] ©€[0;0,9]

OBy omeny hemo oxpeanTu y aBa KOpaka.
Kaxko je f”(z) = sinz, a sinz je pacryha u nosurusaa GyHKIHja HA
uareppaiy [0;0,9], Baxn 1a je:

"(#)] < sin0,9 < 0,79 = M.
tg[g)%%g]v (t)] < sin0, : 3
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Oapeuhemo max,cp,0,9) |2(x — 0,6)(z — 0,9)|. Excrpemue Bpejgnocru
dynkmmje g(x) = z(x — 0,6)(z — 0,9) cy Hysme npsor usBoga ¢'(r) =
3(z% —x+0,18) 1j. Tauke z; = 0, 2354248689 u x5 = 0, 7645751311,
OBe Tauke Cy KaHIWIATH W 33 €KCTPEMHE BPEIHOCTH 3a (DYHKIH]Y
lg(x)]. Kaxo je |g(z1)| = 0,0570405 u |g(z2)| = 0,0170405, nmamo
Ja je
max |z(x —0,6)(x —0,9)] < 0,06.
x€[0;0,9]
Cana je:

1
If = Lelloe < 50.79-0,06= 7,910,

3. BpeanocTt monmnoma y Tauku x = 0,45 usHocu
L5(0,45) = 0,8981000747.
Y rauxku x = 0,45 onena rpemike je Ha ocHoBy ({4.7)):

Ry(z) < % |z(z —0,6)(x — 0,9)],

- 3!
rae je M3 = 0,79, 1j.
0,79 -3
R5(0,45) < T|0’45 (0,45 —10,6) (0,45 —0,9)| =4-10"".

0.004

0.0

0.00

0.001

-02 -01 0 01 02 03 04 05 06 07 08 09 1 1112 13

Cauka 4.3: Ouena rperike naTeprosnanuje Ry(x).

Ha ocHoBy olieHe TpeliKke 3aK/bydyjeMo Ja Cy IIpBe jBe JeluMajiHe
mudpe curyphe, 1j. Lo(0,45) = 0,898 u

cos 0,45 = L5(0,45) + R2(0,45) = 0,898 4+ 0,004
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4. CrBapHa rpemrka u3HoCH
| £(0,45) — Ly(0,45)| = | cos 0,45 — 0,898 = |0,900 — 0,898 = 21073,

IITO je Marbe O] IMPOIEHEHE OIEHE T'PEIIKe.

13. ®yukumja f(x) je 3amara Tabeaom:

z |0]05] 1 [1,5
F@)[1]0,8]0,5] 2

®opyupary JlarpaHzKoBe HHTEPIOIAIMOHE IIOTHHOME:
1. Los(x) y Taukama xg = 0;21 = 0,5; 29 = 1;
2. Los(z) y Taukama o = 0,5; 21 = 1;29 = 1, 5;
3. Ls(z).

Wszpagynatu BpeanocT (popMHUPAHUX HHTEPIIOJAIUOHUX MOJUHOMA Y TAaUKU
0,8 n ynmopeuTu ux.

Pememe.

1. JlarpankoB WHTEPIOJIAIHOHE TOJHHOM Loi(x) 3a dyuxmmjy f(z) je
obnuKa:

(z—0,5)(x—1)

0-0,5)(0—-1)

N (= 0)(z - 0,5)
(1-0)(1—-0,5)

(x—=0)(x—1)
bt (0,5—0)(0,5— 1) 0.8

LQJ(.I) =

0,5

2. Jlarpam:kKoB MHTEpIOJANUOHN MOJTUHOM Loo(z) 3a dbyukuujy f(z) je

obJinKa:
_ (z—-1)(x—-1,5) (x—0,5)(z —1,5)
L) = G505 -15 *® Y toona-1s P
(x —0,5)(z —1)

(1,5—0,5)(1,5— 1) 2
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3. Jlarpankos unTepnosanuonu nojuaom Li(z) 3a dbyuxuujy f(x) je

olbanKa:
~ (r—=0,5)(z —1)(x — 1,5) z(x —1)(x —1,5)
La(z) (=0,5)(—=1)(=1,5) bt 0,5(0,5—1)(0,5— 1,5) 0.8
z(z —0,5)(x — 1,5) z(z —0,5)(x — 1)
I 051 =15 0.5+ 1,5(1,5—0,5)(1,5 — 1) 2

Cnuka 4.4: Jlarpan:kKoBU WHTEPIO/IANHOHN TOTHHOMHI

Bpeanoctu ofrosapajyhux unreprnosanuonux nojaunoma y radku 0, 8 nare
cy y Tabesn:

x 0,8

Lya(z) | 0,6320
LQ,Q (.CE) O, 4040
)

0,5104

[IpumeTnmo fa y NpeTXoHOM 33/IaTKy NpUMeHOM JlarpankoBe WHTepIIO-
JIalldje HECMO MOIVIH JIa OIEHHMO T'PENIKY, MOIITO (DYHKIH]a HHje IMO3HATA Y
CBOM aHaJIMTUYKOM 00/iuKy. JlosarHo, BpeHocT 3 pasjiminra 1oJIMHOMA, Y
UCTO] TAYKHU Ce 3HAYAJHO PA3JUKYjy, Beh Ha NpPBOj JemuMaJIN.
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Jejtan oJ1 HejlocTaraka Jlarpankope nHTEpIoJalKje je morpeda jia 3HaAMO
aHAJUTHIKKA OOJMK (DYHKIMje Kako OMCMO OIeHWIM Trpemniky. Takohe, ma
oucmo opMuUpaIu UHTEPIOJANUOHN OJHMHOM BHUIIEr CTEIeHA, MOPaMO Ja
MOHOBUMO 11€0 aJiroputaM. OBH HEJIOCTAIIM MOI'Y Ce HCIPABHTH HPUMEHOM
Hepuosor anropurma, Koju ce KOpUCTH 3a ojpehuBame BpeanocTu Jlarpan-
JKOBOT' HHTEPIOJIAMMOHOT ITOJMHOMA B OIEHE T'PEIlKe Y KOHKPETHO] TAYKH.

Ocrunanuje MHTEPHOJAIMUOHNX TOJTMHOMA

Nako 6ucMo oveKMBaIN Ja WHTEPIOJANMOHN TTOJTUHOMHE BHIIET CTEIeHa
TadHHje allpOKCUMHUPAjy DYHKIH]Y, 0BO HUje mpaBuao. (OBaKBU IIOJTUHOMH,
MOpe/T TOTA TITO 3aXTeBajy BUIIE M3PAUyHABAHA, Y€CTO MOTY BEOMA OJICTYIIATH
o/l (GYHKIHje KOjy HHTEPIOINpajy, mocedbHo O0uM3y KpajeBa HMHTEpBaja Ha
KOMeE ce BPIIIU UHTepIoJialuja, 300r reaepastno sehux ocriujianuja y BpeHoC-
THMA Y OJIHOCY Ha MOJIMHOME HHKUX cTereHa. Ha ciauium NPUKA3aHU CY
rpacdunu wHTEpHOIAIMOHNX noJnHoMa crernena 2, 4 u 10 3a pyukmujy H%
u ynopehenn ca rpadgukom came pyHKIH]e.

Aot

)

25 F2 -15 -1 -05 0 05 1 15 5 25 ;3

-3 25 -2 -15 -1 -05 0 05 1 15 2 25 3%

T

43 -25 -2 -15 -1 -05 0 05 1 15 2 25 3

Cinka 4.5: VIHTepro/ialinoHu OJTMHOME Dy, Py, P1o 32 GyHKIujy f(z) = ﬁ

JeJlan o1 HaurHa Ha KOJU MOZKEMO Jia PEITUMO OBaj mpodJjiem jecte hopmu-
parbe Je0-1o-/1e0 MOJTUHOMA HUKEr CTeleHa, KOju y TadKaMa JI0/INPa UCILYIba-
Bajy onpebene yciose rimarkoctu. Ha mpumep, MOXKeMO H3BPITUTH JUHEAPHY
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uHTEpHnoIanujy (MOJMHOMOM IPBOI CTENEHA) 3a CBaka 2 4BOpa, W Ha Taj
Ha4YMH OMCMO Kao pe3y/rar JOOWIN M3JIOMJbEHY JIMHU]Y KOja Claja Tadke
nHTepnosnanuje. OBakaB HAYMH WHTEPIIOJAINje HA3UBA Ce CILUIAjH WHTEPIIO-
JIangja.

Hanmomena. V ciayudajy kaja je pyHKIHja 3a/aTa CBOjUM BPETHOCTAMA
y Buille o 4 Uau 5 YBOPOBa, Yy Ipakcu heMo pOpMUpPATH HHTEPIOJIAIMOHE
moJIMHOMe cTerreHa 3 win 4. Y ToM caydajy he 6utn noTpedbHO Ja ogabepeMo
YBOPOBE Koje heMo KOpucTuTH 3a GopMupame HHTEPIOJTANNOHOT MOJTHHOMA.
[Ipenopyka je ja tadka xo Oyae ogabpana Tako ja x € (o, ).

Excrpanoaanuja

Exempanosayugja je nporec oxpehuama sBpemunocru dbyukumje f(x) y
TAYKM KOja He IPHIIAIa KHTEPBAIY Ha KOME HAaM je II03HATA BPeIHOCT (DYHKITH-
je (z ¢ [0, ).

Axo ce BpaTuMo Ha npuMep u3 3agarka [12] spmmau cymo nHTepnOIaIn]Y
HOJIMHOMOM 2. crenena ¢yHkiuje cos z va uarepsaiy [0;0,9]. Ha canum
NpHUKa3aH je rpaduk oBe (PyHKIU]e U HHTEPIOJIAIMOHOT TTOJIMHOMA, Ha IITHPEM
unreppaiy, [—1;5]. Buaumo na ca ynabaBameM 0/ HHTEPBAJIa HA KOMe CMO
U3BPLIIAIE MHTEPHOJIAIA]Y OJACTYHALe BPEIHOCTH 3HAYAJHO PACTE.

Cauka 4.6: Excrpanonanuja ¢dbyHkomje cos

Orene Tperke 3a WHTEPIOJAIN]Y HE BayKe y CAYYajy €KCTPaIojallmje.
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Y ToM ciiydajy, He IIOCTOjJU HAYUH JIa Ce KOHTPOJIUIIE I'PEIIKA, IITO 3aXTeBa
nocebaH ONpe3 ako e UNaK OJIyYUMO 33 €KCTPAIIO/IAIH]y.

3asanu 3a BexKOy

26. Oyuxmnujy f(x) = sin mz tabenupartu y usoposuma o = 0,11 = %, To =
1
5.
1. Koncrpyuncaru JlarpanKoB HHT€pIOJIAIMOHE TOJHHOM 2. creneHa Lo ()
3a dyukujy f(x)y dopmupannm aBopoBrMa.

2. OapeauTn OLEHY 34 FOPIbe OrPAHUYECHHE TPELIKe.
3. Nspauynaru Ls(0,4) u ompenuru oneny rpemike y tadku R (0,4).
4. Ynopemuru R9(0,4) ca crBaprom rpermkom |f(0,4) — Lo(0,4)].

Pesyarar. 2. ||f — L2/l < 0,050543;
3. Ly(0,4) = 0,920000, Ry(0,4) = 0,048232;
4. [£(0,4) — Ly(0,4)| = 0,031056.

27. Oyukuujy f(x) = e~ rabeauparu y 4BopoBuMa ro = 1,x; = 2,19 = 3.

1. Koncrpyuncaru JlarpanKoB HHT€PIOJIAIMOHE TOJHHOM 2. creneHa Lo ()
3a dyukujy f(x) y dopmupannm aBopoBrMaA.

2. OApeauTH OLEHY 34 FOPIbEe OIPAHUYECHHE TPELIKe.
3. Nspauynaru Lo(1,5) u ompeauru oneny rpemike y tadku Ra(1,5).
4. Ynopemuru Ro(1,5) ca crBapuom rpemkom |f(1,5) — Lo(1,5)].

Pesyarar. 2. ||f — L2/ < 0,002360;
3. Lo(1,5) = 0,233233, Ry(1,5) = 0,022992;
1. [£(1,5) — La(1,5)| = 0,010103.

28. Oyukuuja f(x) je 3amara rabeaom:

Fx) [1]5 1481

Qopmuparu Jlarpankope HHTEPIIOJIAIMOHE TOJTTHOME:
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1. Lo(z) y uBopoBuma xg = 1,21 = 2,29 = 3;

Wszpauynarn BpeHocT (pOpMUPAHUX MHTEPIIOJIAINUOHUX [OJUHOMA y TadyKu
2,8 1 yIOpeanTH WX.

Pesynrar. Ly(xz) = 11,8000; Ls(z) = 11, 3920.

4.4 IbyTHOBaA MHTEPIIOJIAIN]A

SaapzxkaheMo ce Ha cIydajy Kaja cy YBOPOBU HHTEPIIOJAIM]e PABHOMEPHO
pacnopebenn, 1j. exsuducmanmmu:

l’i—xi,12h7 izl,...,n

IpHU 4YeMy pa3juKy CBaka JBa 4YBOpa h Ha3UBaAMO KOpax UHMEPNOAGUUJE.
[Tpumernmo na y ToM ciaydajy BakwW Ja je x; = xo +ih, (i = 1,...,n).
YBOIMMO I0jaM KOHAYHUX Pa3JikKa, Koje ieMo KOpucTuTH npu (hopMuparmy
jorr jeaHor obJIMKa MHTEPIIOIAIMOHOT HOJHHOMA.

Komnaune paziauke

[Tox mpeTmocTaBKOM J1a €y HaM IO3HATE BPeTHOCTH (DYHKIHjE Y eKBUINC-
TaHTHUM Tadkama, f(z;) = f;, ca KopakoMm wHTepmoJamuje h, aeduHAIIeMO
KOHAYHY PA3AUKY YHANPED:

Afz = fi+1 - fz

Konaune pa3siuke Buiier peja jgedHHANIEMO PEKYDP3UBHO, IpuMembyjyhin auHe-
apHocT oneparopa A:

Asz’ = A(Afz') = A(fi-l—l - fi) =Afit1—Af;
= fire = 2fir1 + [i

AP fi = A(fiya = 2fia + 1)
= fivza — fira = 2fire + 2fia + fir1 — i
= firs — 3fira + 3fix1 — [

Arf; = A(AM )
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Bpeanocru pyuknuje f; npeacraB/bajy KOHAUHE pasjnKe HyJITOr pega. Moxke
ce TTOKa3aTh, MaTEeMATHIKOM WHIYKITHjOM, Ta BarKu:

k k
Akfi = Z(—l)] <j)fz‘+k—j'
j=0

Paaun jennocraBuujer kopunihema, KOHAYHE Pa3/inKe 3alUCyjeMO Yy mabeau
KOHAYHUL PA3AUKG:

zo | fo Afo AZfo A?’fo
Ty | fi Afi A2]01 ;
Ty | fa Afy 5 A3fn—3
z3 | f3 ; A?f

| Afa
Tn | fn

ITpomaranuja rpermike y tTabejan KOHAYHUX Pa3JIMKa

Y caydajy Kaja nocToje Tpelike y BpeIHocTuMa (DYHKIHje, MoyKe Johu /10
IbUXOBOT' aKYMYVJIUpaiba Y BPEIHOCTHMA KOHAYHUX Pa3JIUKa, MOCEOHO BHUIIIET
peaa. Jlo oBakBUX Ipenraka MoxKe J0NM aKo ¢y BpeIHOCTH (pyHKIIHje T00ujeHe
u3 Mepema. lIpernoctaBumo 7a je BpeaHoct PyHKIHje fo AaTa ca IPEITKOM &,
KaJa HaM je BpeaHocT (byHKIM]je mo3Hara y 6 Tavaka, u (popmupajmo tabery
KOHAYHUX Pa3JInKa.

i) fo Afg A2f0 +ée A3f0 — 3¢ A4f0 +6¢
T f1 Afl +¢€ A2f1 —2¢ A‘}fo + 3¢ A4f1 —4e
) fQ +¢e Afg — £ Azfg + € Agfg — &

x3 I3 Afs A2f3
Ty | fa Afy
Is Is

OBaxBo yBehame TI'pelike 3a0Kpy2KUBamba 3HAUN JIa Cy Olepalije KOHAYHUX
pa3/iiKa BHIIUX PeJoBa OCET/bUBE HA I'PEIIKe y IMOJA3HUM IOJaluMa, Ia
je TO jomr jeaH pa3jaor Ja WHTEPHOJAIN]y BPIIAMO ¢ WHTEPIOJAITTOHUM
IIOJIMHOMHUMa HUZKET CTEIICHA. ZLO,ZL&THO, NnaKoO je UHTEPIOJAIIMOHN TTOJINHOM
HCTOr CTelleHa HaJl KCTUM ITOJAlMMa jeIMHCTBEH, Ve Ipellaka Y YIa3HuM
IOJIAIIAMA U TPEIIKe 3a0KPYzKUBarba, MOXKe ce JeCUTH Jia, IPUIAKOM (hop-
MHUpaba Pas/iMduTUX O0JIMKA MHTEPHOJAIMOHOI IIOJMHOMA, HuakK Jjohe j10
ojipeheHnx oJjicTynama.
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HbyTHOB MHTEpPMOOJIAIIMOHN MOJUHOM 34 MHTEPIIOJAIN]y yHaIpen

Heka je dyukmmja f : [zg,z,] — R Henmpekugna n 3a1ara cBOjUM BpeJi-
HOCTUMA Y (N + 1) eKBHJMCTAHTHO] TAYKH Ty < T1 < ... < T, ca f; =
f(z;), i =0,...,n. @opmupalieM0 HHTEPIIOJAIMOHN MOJUHOM CTEIeHA 1 Y
caesiehem 006JIMKY:

pn(T) = ag + ay (x — xo) + as (x — xo) (x — x1)
+.oootan (@ —x) ... (T —xp1).

Koedumnmjenre ag, ay,...,a, hemo ogpemutun u3 ycaosa p,(x;) = fi,i =
0,1,...,n. 3amemwyjyhu BpenHocTn 3a x m06ujamMo:
T =z — ao = fo
fi—fo _Af
r=x1 = fota(r;—z9)=rf - a = 1h 0 — ho
Af
T = X9 = f0+TO<ZC2—$0)+a2($2—xo)<$2—l’1> :fg
fo=2fi+fo  Afy
— fd —
2 202 2h2

Wugykimjom gobujaMo jia je

Ak fo
ak:W, k::(),l,...,n.
Ha oBaj nauun mgobujamo:

A A?
pn(z)—fo—ir%(m—xo)—l—y—g(ac—xo)(aﬁ—ml)+...

A’I’L
+ n!f{:(x—xo)~-(:€—xn1).

T — 2o

VBojehu cmeny = u, yobudajuo je ma samucyjemo bymmos unmep-

NOAGUUOHY, NOAUHOM 30 unmepnorayujy yranped (wmu I FbyTHOB MHTEpIO-
JIAIMOHK TT0JHHOM) y cJenehem obumky:

A? A"
2lfou(u—1)+...+ Jo

Ni(z) = fo+Afou+t u(u—1)---(u—n+1). (4.8)

n!
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Hanomena.  Ykosuko cmo ¢dopmupanun [ Fbyrnos unrepnosianuonn
OJIMHOM cTerena k— 1, Tajia moJmHoM crenena k MozkeMo go0uTn Kopuctehn
ciaenehy Besy:

AF fo
k!
OBze ce Bugm npegrocT obmKa FbyTHOBOT MHTEPIIONAIMOHOT TOJUHOMA Y

onHocy Ha Jlarpan:xkoBy unTepnosanujy. Koa Jlarpan:kose unTepnosanuje,
VKOJUKO 2KeauMo Ja (opmupamo JlarpanzkoBe WHTePIOJIANTOHEe TOJHHOME

V(@) = Ny (@) + S0 (= 1) (= k4 1),

Pa3/IMYUTUX CTEeleHa, MOPAMO I[OHOBO Jia U3BeJEeMO 1e0 nocrynak. Ko
HbyrHOBOI MHTEpHOJIAIMOHOr MMOJMHOMA JOBOJ/HHO je JiofaTu ojrosapajyhe
cabupke Ha Beh popmupan moJuHOM.

Obauxk ouene epewre 3a I Fbymmos unmepnosauuony nNosUHOM MOKEMO
Jla W3BeJIeMO W3 OMIITer 00/MKa rperke narepnosanuje ([4.5)):

Fr(E)
(n+1)!
Kopucrehu yseneny cmeny, uMamo Jia BazKu:

r—xp=x9—uh—(xg—kh)=(u—Fk)h.

flw) = Ni(w) =

(x —x0) (x — 1) -+ (T — 2p).

3amenom y m3pas 3a rpemiky J1o0ujamo:

flz) = Ni(z) = R

Moxke ce mokasaTtu ja Baxku ciejeha ampokcumanuja 3a BpeIHOCT U3BOJA
dyuKIHjE:

w(u— 1) (u—mn) B ().

An—H
o) & hn—HfO
OBoM penamnujoM, y3umajyhu ropme orpaHnyerne 3a oOleHy rpelrke, 1obujaMo
Ja je:
R,(z) < ] (u—1)---(u—n), (4.9)
rae 3a |[A™T!f| ysumamo MakcMMasIHY OJf alCOJYTHUX BPEIHOCTH KOHAYHUX
paznuka (n + 1) pena.

A" ] |
| u

Hanomena. VY caydajy kaja je pyHKIHUja 3a/1aTa CBOJUM BPETHOCTIMA
y (m + 1) uBopy, 3a m > n, TJe je n CTemeH WHTEPIOJIAIMOHOT MOJIHHOMA,
upernopyka je jia [ Bbyrnos unrepnosiaiuonu mojimaoMm (popmMupamo ojl 4Bopa
xg, 3a KOju Baxku na je x € (xg,xo + h).
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14. ®ynxnmjy f(z) = + TaGeanparu nma unrepsany [3,1;3,9] ca kopakom

h =0, 1, 3aokpy:keno Ha 6 genumana. Kopucrehn xonaune pasiuke 3. pena
u3paaynaru f(3,44). IIponeHuTH TPENIKy HHTEPIOIAIlT]e.

Pememe. Qopmupajmo tabesy KoHa4HUX pasianka dbyukumje f(x) = %

[Ipu Tome hemo konaune pasz/uke 4. pejia KOPUCTUTH 3a OIEHY T'PEIIKe.

T / Af A*f A’ f A'f

3,11 0,322581 | —0,010081 | 0,000611 | —0, 000053 | 0,000003
3,2 0,3125 | —0,009470 | 0,000558 | —0, 000050 | 0,000010
3,3 0,303030 | —0,008912 | 0,000508 | —0, 000040 | 0,000000
3,4 0,204118 | —0,008404 | 0,000468 | —0,000040 | 0,000008
3,5 0,285714 | —0,007936 | 0,000428 | —0, 000032 | 0,000000
3,6 | 0,277778 | —0,007508 | 0,000396 | —0, 000032
3,7 0,270270 | —0,007112 | 0,000364
3,8 | 0,263158 | —0,006748
3,9 | 0,256410

[Tommro hemo dhopMupaTn HHTEPIOIAIMOHE HOJHHOM 3. CTeleHa, moTpedHe
Cy HaM BPeIHOCTH y 4 y3acTomHe Tadke. 3a r = 3,44 y3uMaMo BPEIHOCTH
novepmn oj Tauke ro = 3,4. Cama je u = 50 = 3’437_13’4 = 0,4. 3a
dopmupamme [ FbyTHOBOT HHTEPTIOJIAIIMOHOT MTOJIMHOMA KOPUCTHMO BPEITHOCTH

dyHKIIMje U KOHAYHWX pA3JIHKa Koje cy y Tabesu MOJABYYeHe. 3aMEHOM Yy

u3pa3 (4.8)) mobujamo:

0. 000468
A§(3,44)::0,294118——0,008404-0,44——i—ET———-0,4-(0,4——1)
—0, 000040 '
0,4 (0,4 - 1) (0,4 - 2),

Ni(3,44) = 0,290698.

3a oneny rpemke marepnoanmje kopucrumo uzpas (4.9), rue za |A*f| yau-
MaMO MAaKCHMAJIHY OJI allCOJYTHUX BPEIHOCTH KOHAYHUX PA3IUKA 4. Pejia.
A4
Ry(3.40) < S (w1 -2 - 3)
~0,000010

o 10,4(0,4-1)(0,4-2)(0.4-3)[=0,4-10° =0
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HbyTHOB MHTEpPMOJAIIMOHY MOJIMHOM 34 MHTEPIIOJAIN]y yHa3amd

C 063upoM Ha TPETXOIHY HAITOMeHy, uMajyhu y BULY j1a ce 6P0Oj KOHATHUX
pasyimKa cMamyje ca nopehameM pesa KoHadHe pas3/uKe, 3a TAUKy & KOja ce
HaJIa3u OJIMXKe UBOPY T, MOXKE Ce IECHTH 13 HeMaMO JTOBObHO KOHAUHUX
paziinka 3a ¢gopmupame [ FbyTHOBOI MHTEPIIOJIAIMOHOD OJUHOMA, OJII0OBa~
pajyher cremena. 36or Tora hemo m3BecTu Bep3ujy OBOI' WHTEPMOJIANHOHOT
MOJIMHOMA KOja KOPUCTH BPEIHOCTH ¢ Kpaja Tabesie KOHAYHUX Pa3/IrKa.

[Tox uctum yeaoBuma, bopmupaheMo HHTEPIOIAIKMOHN HTOJHHOM CTEIeHa
n 'y MaJo IpyradujeM OOJIHNKY:

pn(x) =ag+ay (x — ) +as (x — ) (¥ — Tp1)
+.oota, (z—x,) .. (x—xq).

Koedwunujenre ag, ay, . . ., a, hemo oapeauru u3 ycaosa p,(x;) = f;, (i = 0,1,
..,n). Samemyjyhu BpegrocT 3a & 1006mjaMo:

T =Ty - ag = fn
Af,_
T=Tp1 = faota(Teo1—20) = faa — a; = ];L .
Afo_
T = Tn-2 = fn + ];L . (In—Q - xn) + a2($n—2 - xn)(xn—Q - xn—l) = fn—2
fn - 2fn—1 + fn—2 A2fn—2
e = =
2 e 212
Nugykiumjom pobujamo ia je
Akfnfk
ag = LRk k:O,l,...,n.
Ha omaj maumn mosazumo 10:
Af,_ A%f,
pn() = fu + J;L Lz —x,)+ 2!fh2 2(x — ) (# — Tp1) +
An
+ n!}{S(m—xn)--~(aj—ml).
Yeozmehu cveny =% = v, yodu4ajno je na samucyjemo Fbymmoe unmepno-

AQUUOHY NOAUHOM 3 uHmepnosauufy ynazad (wan 11 FbyTHOB mHTepHONTa-
[IUOHU TIOJIHHOM) ¥ cJiejieliem o6auKy:

Aan—Q
2!

A" fo
n!

Ni(x) = fu+Afpo1v+ viv+1)+...+ viv+1)--(v+n—1),

(4.10)
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Cnmano kao kox | HbyTHOBOr MHTEPIOIAIMOHOT TOJIMHOMA, OIEHA TPEIKe
unrepnosanuje 11 FbyrHoBuM nHTEpHoOIanMoOHUM MOJTUHOMOM je ODJIUKA:

A 4 1) 04+, (4.11)

B () < (n+1)!

rje 3a |A"T! f| yaumamo MakcuMaiHy OJ] allCOMYTHUX BPEIHOCTH KOHAYHUX
pasnuka (n + 1) pena.

Hanmomena. V ciayudajy kajia je pyHKIHja 3a/aTa CBOjUM BPEIHOCTIMA
y (m + 1) uBopy, 3a m > n, rje je n CTerneH WHTEPIOJIATHOHOT MOJHHOMA,
nperopyka je jia [I FbyTHOB nnTepriosanuonu mosuHoM (pOpMUPAMO OJ1 YBOpa
Ty, 32 KOjU BaxKu 1a je © € (r, — h,x,).

15. 3a dyukumjy samary y samarky |14 mspauynarn f(3,44) npumenom 1T
by THOBOr MHTEPHIOIAIMOHOr MOJXHOMA U IPOIEHUTH IPELIKY.

Pememe. @opmvupaheno 11 TbhyrHos nunrepnosannonu moJuHOM CTEIIEHA,
3, Ha OCHOBY Talesie KOHAYHUX pasiauka n3 3a1arka [14 Tlomoo maBoguMo
Beh dopmupany Tademry:

x ¥ Af A2f A3f ALf
3,1 0,322581 | —0,010081 | 0,000611 | —0,000053 | 0,000003
3,2 0,3125 | —0,009470 | 0,000558 | —0, 000050 | 0,000010
3,3 0,303030 | —0,008912 | 0,000508 | —0, 000040 | 0,000000
3,4 0,294118 | —0,008404 | 0,000468 | —0,000040 | 0,000008
3,5 0,285714 | —0,007936 | 0,000428 | —0, 000032 | 0,000000
3,6 | 0,277778 | —0,007508 | 0,000396 | —0, 000032
3,7 | 0,270270 | —0,007112 | 0,000364
3,8 | 0,263158 | —0,006748

3,9 | 0,256410
[TomTo dpopMupamMo HHTEPHOJAIMOHN MOJIKMHOM 3. CTeleHa, moTpebHe Cy
HAM BpeaHocTH y 4 y3acTombe Tadke. 3a r = 3,44 y3uMaMoO BpPEIHOCTH
novepn oj rauke r, = 3,5. Caja je v = == = 3’43_13’5 = —0,6. 3a

dopmupamme 11 FbyTHoBOr mHTEpIIOIAIIMOHOT OJINHOMA KOPUCTUMO BPEJIHO-
ct DYHKIHje ¥ KOHAYHUX Pa3uKa Koje Ccy MOJBYyUYeHe y Tabesn. 3aMeHOM
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y m3pa3 (4.10) pobujamo:
0, 000508
NI(3,44) = 0,285714 — 0,008404 - (—0,6) + T - (—0,6) - (—0,6 4+ 1)
—0, 000050 '

- (20,6)-(=0.6+1) (=06 +2),

NI(3,44) = 0,290698.

3a omeny rpemke uaTepnonanuje kopuernmo uipas (4.11), toe za |A?f| y3u-
MaMO MaKCUMaJIHY O allCOJIYTHHUX BPEAHOCTHU KOHAYHUX Pa3JIUKA 4 peaa.

A4
Ra(3,44) < ‘4—'f’|v(v+1) (v+2) (v +3)]
1
:O’Oaﬁ\—0,6~0,4-1,4~2,4y:0,3~10%0

[TpumeTnmo 7a je pe3yaTaT UCTH Kao Kajga cMo mpuMennan [ FbyTnos uartep-
[IOJIAIMOHN TOJMHOM. 10 je M 0UYeKMBaHO, ¢ 003UPOM Ha TO Jia CMO JIOKA3aJIH
Jia je MHTepPIOJIAMOHN TTOJUHOM HaJ UCTUM TOJAINMa, je TMHCTBEH.

|
16. Tabesom je 3amara dbynkmuja f(z):
T 15 20 25 30 35
f(z) | 0,2588 | 0,3420 | 0,4226 | 0,5000 | 0,5736
T 40 45 50 95
() | 0,6428 | 0,7071 | 0,7660 | 0,8192

Qopmupajyhm mHTEpHoaanmonn moJauHoM Tpeher cremnena, w3padyHaTn
f(18) u f(53), 1 TPOIECHUTH TPEIIKY.

Pememe. PopmvupajMo Tabery KOHATYHUX pa3InKa:

2| f Af AZf A3 f ALf
15 | 0,2588 | 0,0832 | —0,0026 | —0,0006 | 0
20 | 0,3420 | 0,0806 | —0,0032 | —0,0006 | 0
25 | 0,4226 | 0,0774 | —0,0038 | —0,0006 | 0,0001
30 | 0,5000 | 0,0736 | —0,0044 | —0,0005 | 0
35| 0,5736 | 0,0692 | —0,0049 | —0,0005 | 0,0002
40 | 0,6428 | 0,0643 | —0,0054 | —0,0003

45 | 0,7071 | 0,0589 | —0,0057

50 | 0,7660 | 0,0532

55 | 0,8192
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3a uzpauynasame Bpennoctu f(18) kopuctumo I FbyrHoB nHTEpHONAIHOHN
HOJIMHOM.

0,0026
2

—0, 0006
— U

Ni(x) =0,2588 + 0,0832u + 3

u(u—1)+ (u—1)(u—2),

npn uemy je u = 5% h =5 x5 = 15,2 = 18, na je u = 1 = 0.6. [lakue,

npubsmkna speguoct f(18) usnocu:
N4 (18) = 0, 3090.

['pemka y Tauku 18 je mporemena ciegehnum u3pasom:

At 0.0002
R§(18)§|4'f||u(u—1)(u—2)(u—3)]— oy 06:04-1,4-2,4
=6,7-10°~0

3a mpubsimKHO H3pauyHaBambe Bpeanoctu f(53) dbopmupahieno 11 HbytHos
HMHTEepHOJalMOHN ITOJIMHOM!

—0, 0057 —0, 0003
N (z) = 0,8192+0,0532v+’2—|v(v+1)+’3—'v(v+1) (v+2),

T—x8

I8 h= 5,15 = 55,2 =53, ma je v = 3222 = —0,4.

5

IpH 9eMy je v =
Ni%(53) = 0, 7986.

['pemiky n3padyHaTe BPEIHOCTH Yy TAYKU 53 TPOIEHYjeMO U3PA30M:

A* 0, 0002
RI(53) < %M(v—kl) (v+2)(v+3)| = ’24 0,4-0,6-1,6-2,6
=8,3-10"° =~ 0.
|
Hamomena. Y nperxopHOM 3ajaTKy WHTEpHoJanuonu mojutom Ni

dbopmvupanu cmo Ha waTepBay [15,30]. Hawme, KopucTumMo camMo BpeaHOCTH
dyuKIUje u oaropapajyhnx KOHAUHHX pa3/jidKa Yy OBUM Tadkama. 10 3HaqH
1a 6ueMOo 3a TauKy 32 NpuMeHOM (POPMUPAHOT HOJIUHOMA BPIIAIA €KCTPAIIO-
ganujy. Comuno, uarepnojanuonu noaunom NiT gopmupan je na nnrepsasy
40, 55], a BaH TOr MHTEPBAJIA BPIIUAA OH Ce eKCTPAIOIAIH]A.
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3agaiy 3a BexKOy

29. Tabesom je 3anara dyukmnuja f(x):

T 2,1 2,2 2,3 2,4
F(z) | 0,901051 | 0,978432 | 1,052661 | 1, 124724
P 2,5 2,6 2,7

F(z) [ 1,194703 | 1,262688 | 1,328751

Qopmupajyhu oarosapajyhu HbyTHOB mHTEpHOIAIMOHN TOJIUHOM Tpeher
cremnena, u3paaynaru f(2,15), f(2,35) u f(2,66), u TPONEHUTH TPEITKY HHTEP-
oJialje y OBUM TadKaMma.

Pesynrar. f(2,15) &~ 0,940478, f(2,35) ~ 1,088959, f(2,66) ~ 1, 302552

30. Tabesom je 3amara dyuknuja f(z):

x 0,6 0,7 0,8 0,9 1,0
F(z) [ 2,62188 | 2,79665 | 2,95358 | 3,00518 | 3, 22383
T 1,1 1,2 1,3
F(z) | 3,34138 | 3,44926 | 3, 54364

Popmupajyhu omarosapajyhu FbyrHos naTepnosanunonu nojunom tpeher
crenena, uzpaaynaru f(0,65), £(0,95) u f(1,25), u IPOIEHUTH TPEIIKY WHTED-
moJalyje y OBUM TadKaMa.

Pesynrar. f(0,65) ~ 2,71165, f(0,95) ~ 3,16098, f(1,25) ~ 3,49994

31. ®Dyukuujy f(r) = Inzcos2x rabesuparu Ha unrepsaiuy [4;6,7] ca
kopakom h = 0,3 ma 5 menumasa. @opmupajyhu oxrosapajyhu Ibyrnos
HHTePOIANNOHN ToanHOM Tpelier crenena, uspadynatu f(4,2), f(5) u f(6,3),
U IIPONEHUTH TPENIKY MHTEPIIOJallije y OBUM TadKaMa Ha OCHOBY (hopMmyJie
3a OIIEHY I'PEIlKe MHTePIOoJalije, KA0 U CTBAPHY I'PEIIKY.

Pesynrar. f(4,2) ~ —0,74885, f(5) ~ —1, 35587, f(6,3) ~ 1,83471

32. Oynkuyjy f(z) = ;jm tabGesuparn Ha uHTEepBasty [1,5;2,5] ca KopakoMm
h = 0,1 na 5 genumasa. @opmupajyhu oarosapajyhu Hbyrnos unreprona-
monu nosimaoM Tpefier crenena, uspauyuaru f(1,65), £(2,05) u f(2,45), u
IPOIEHUTH TPEIIKY WHTEPIOJIANUje y OBUM TadKaMa Ha OCHOBY pOpMyJIe 3a

OTIeHY TpeITKe WHTEPIIoIaInje, Ka0 U CTBAPHY T'PEIKY.

Pesymrar. f(1,65) ~ 5,22374, f(2,05) ~ 8, 75601, f(2,45) ~ 18, 17854
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4.5 HuBep3Ha mHTEpHOJANN]ja

WNuBep3na uHTEpHoOJaNKja je mpoiec ojapeljuBama BpeIHOCTH HE3aBUCHO
MPOMEH/bUBE X KOja O/roBapa HEKOj BPETHOCTH 3aBUCHO MPOMEH/bUBE Y =
f(z), kaua je dpyukimja 3a1ara CBOjUM BPEJIHOCTUMA Y JUCKPETHUM TAYKAMA.

NuBep3na waTEpIIONAIMja MOXKE j1a ce peaausyje Ha ciejehe Haunne:

e (opMHUpameM THTEPIIOJIAIHOHOr TOJTHHOMA HHBEP3He (DYHKIN]je

= f"(y);

e perraBambeM jefHadnme y = p,(x), Tae je y 331aTa BpeIHocT (byHKIuje,
a P, oJroBapajyhu uHTEPHOJIAIMOHN IOJMHOM, Hajuenihe MeTO0M IPO-
CTe UTepalnje 3a pellaBambe HeJMHeAPHUX je/THaYNHA.

WNuTepnonanuja nupep3He (pyHKIMje Jeayje Kao HHTYUTUBaH u30op. Me-
Dyrum, on muje yBek u nHajoo/bu. Moxke ce gecutu ga dynknuja f Huje
MOHOTOHA Ha WHTEpPBaJy WHTepHoJaluje; y TOM CAydajy, WHBEp3Wja HHUje
voryha. /[logaTtno, majuenthe Bpeanoctu (pyHKIMje HUCY E€KBUIUCTAHTHE,
a WHBep3uja Tadesie MOKe OUTH KOMILTMKOBAaHUja. YKOJIUKO Cy JTUCKPETHE
BpeaHoCTH (hYHKIHje MOHOTOHEe, cMaTpaheMo Ja je u (DyHKIIHja 3a1aTa THM
BpeJHOCTUMA TaKohe MOHOTOHA.

17. Onpenuru nyne dbynknuje f(x) 3agare Tabesaom:

T 2 2.5 3,5 1
F(x) 10,9093 0,5985 | —0,3508 | —0, 7568

Pememe. Tpeba ga oapeaumo Tauky =* 3a Kojy Baxku ja je y = f(x*) =
0, tj. f740) = z*, rae je f~! uusepsua dynknuja, 3a1aTa HUHBEPTOBAHOM
TabesoM:

Y —0,7568 | —0,3508 | 0,5985 | 0,9093
Ty 4 3.5 | 25 | 2

C o03upoM Ha TO 1a cy BPeIHOCTH (pYHKIHje f MOHOTOHE, MOYKEMO Jia W3-
BPIIMMO OBAKBY MHBEP3HU]y. Y TY CBPXY KOPUCTUMO JlarpanzkoB mHTEpIIO/1a-
nuonu nojmuom 3a bynkuujy f~!(y). C o63upom Ha To ja Ham je noTpebHa
€aMO BPEJIHOCT MOJIMHOMA Y KOHKPeTHO] Tauku (), JJ0BOJbHO je 1a (hopMupamo

memy obsuka (4.4)):
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(y—w) Wo—v) (Wo—w) (Wo—w)|D
(ri—vo) W—w) (—v2) (n—ws) | D
(Y2 —v0) (oe—wy1) W—12) @W—ys)|D
(ys—v0) (ys—wv1) (ws—vy2) (y—ys) | D

Bamenom oarosapajyhux BpeanocTn mobujamo caegaehy mremy:

0,7568 —0,4060 —1,3553 —1,6661 | Dy = —0,693815
0,4060 0,3508 —0,9493 —1,2601 | D; = 0,170370
1,3553  0,9493 —0,5985 —0,3108 | Dy = 0, 239323
1,6661 1,2601  0,3108 —0,9093 | D3 = —0, 593327
T1,(0) = 0, 144481

3
JlarpanzkoB nHTEpHOIAIHOHN HoJHHOM je obmuka P3(y) = I14(0) Z %
k
k=0
4 3,9 2,5 2
P5(0) =0, 144481 - ’
5(0) ’ <—0,693815 T 0,170370 i 0,239323 * —0,593327)

= 3,15743

18. ®ynknmja f(x) je 3amara cBojuM BpeaHOCTHMA TabEIOM:

x 10 20 30 40
f(z) | 0,1763 | 0,3640 | 0,5774 | 0,8391

Pemnru jeqnaquny f(z) = 0, 25.

Pememe. Oapeamhemo Bpegnoct z* 3a kojy je f(z*) = 0,25. @opmu-
paMo TabeIy KOHAYHUX Pa3/IuKa:

x| flx) | Af(x) | A%f(z) | A%f(2)
10 [ 0,1763 | 0,1877 | 0,0257 | 0,0226
20 | 0,3640 | 0,2134 | 0,0483
30 | 0,5774 | 0,2617
40 | 0,8391
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Ha ocnoBy BpejnocT y Tabesn, odekyjemo jaa x* € [10,20], ma dopmupamo
I FbyTHOB MHTEPHIOJAIMOHN TTOJTTHOM:

A? f(20)
21

u(u—1)+mu(u—1)(u—2).

f(x*) = f(xo) + Af(zo)u + 3]

WzpazuheMo v u3 gapyror cabupka ca JecHe CTpaHe:

f@) — flwo)  AM(xo)u(u—1)  A%f(w) u(u—1)(u—2)

u = —
Af(xo) Af(zo) Af(zo) 2 A f (o) 6
o 0,25 0,1763 0,0257 w(u—1) _0,0226 u(u—1)(u—2)
T 00,1877 0,1877 00,1877 2 0,1877 6

u=10,3926478 — 0,0684603 u (u — 1) — 0,0200675u (v — 1) (u — 2)

Cajia peraBaMo HeJIMHeApHY jeHadnHy obsmka v = g(u), Kojy hemo permmtu
MeTojioM Ipocte urepanuje. Hehemo mocebno nposepasaTu ycjose 3a dyH-

Kuujy g(u).
Unt1 = 0,3926478 — 0, 0684603 u,, (u, — 1) — 0,0200675 w,, (u,, — 1) (u, — 2)
Hobujamo ciegehu urepaTuBHA HU3:

ug =0

up = 0,3926478
uy = 0,4012817
uz = 0,4013878
ug = 0,4013891
us = 0,4013891

Bpeanoctun y 4. m 5. uTepanuju cy ce MOKJONWJIe, Ma y3UMaMoO Ja je u =
0,4013891. Bpmmiu cMo 3a0kpyxkuBaibe Ha Behem Opojy Jlenmmasia Kako
OUCMO yMAaBUIN YTUIA] TPEIIKe 3a0KPYyKUBakha pu u3padyHapamy. Cana
je:

r=uh+zy=0,4013891 - 10 4+ 10 = 14,013891.

Mozkemo y3etn ma je x* ~ 14,0139.
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3agaiy 3a BexKOy

33. Oapeautu Bpeanoct x 3a Kojy je f(x) = 10, mpu vemy je f(z) dyuxmuja
3aJ1aTa TabEJIOM:

x [10]15
fle) | 3| 7

17
11

20
17

Pesynrar. x ~ 16,641

34. Oxapenutu nye dbyukmuje f(x) 3amare tabesom:

T 1,5 2
f(z) | 1,9047 | 0,8509

Pezynrar. = ~ 2,334

2,5 3
—0,4112 | —1,5727

35. Oynknuja f je 3ajaTa CBOJUM BPEIHOCTUMA Y TabEJIH:

1,4
1,194703

T 1
f(z) | 0,901951

dopmuparmeM oJiroBapajyher nnreprosalnoHor nojuHoma Tpeher crenena,
pemutu jenuadnny f(z) = 1.

1,1
0, 978432

1,2
1,052661

1,3
1, 124724

PezynraTr. x ~ 1,12875

36. Oynknuja f je 3a7aTa CBOJUM BPEIHOCTHMA V TabeJIH:

0,7

1

1,3

1,6

1,9

f ()

—0, 00400

0,00471

0,011756

0,017627

0,022641

QopmupameM oJroapajyher nuuTeproJiauoHor moauHoMa Tpeher crenena

OJIpeTNTH HyJle (DYHKITH]jeE.

Pezynrar. = ~ 0,8297




I'maBa 5

Hymepnuko nudepeHnupame

NMako 3namo ekciummnuTHe opmysie 3a ojpehuBambe n3Boja QyHKIUje,
jaBiba ce norpeda M 3a HYMEpHYKHUM ojpehuBameM m3B0jia, HA TPUMED Y
cJIy4ajy KaJa je u3pa3s 3a QyHKIH]y KOjy Tpeba aa andepeHIupaMo KOMILII-
koBaH. Takobhe, moryhe je na dyukiuja Kojy tpeda ja audepeHnupamMo Huje
MO3HATA Y AHAJTUTHIKOM ODJIMKY, Beh caMO CBOJUM BPETHOCTUMA Y JTUCKDET-
HuM TadkamMa. Popmyse 3a HYMepUUKO AudepeHtmpame 9ecTo ce KOPUCTe
3a HYMEPHYKO peltaBaibe Jqu(epennujajsHux jeJHaanHa.

5.1 JIudepennmmpame nomohy
MHTEPIIOJAITMOHNX MOJIMHOMA

Omrmrr npuctyn audepeHnuparmy (hyHKIH]e jecTe /1 W3BPITIMO HHTEP-
nosanujy pyHKIHje DOJIHHOMOM, I1a Ja JAAQepeHIupaMo HHTePIOIAIMOHN
nonuaoM. Ha cm4an HauMH MOXKeMO Ja IMPOIEHUMO W M3BOJE BUIIET peja.
Osae hemo ce 3aapkaTy Ha MHTepHOIANEjE HbyTHOBAM MHTEPIOIAITOHIM
[MOJIMHOMUMA, Y eKBUIUCTAHTHUM YBOPOBUMaA. | 'perika jgudepeHnupama je y
TOM CJIydajy jefHaKa M3BOMLY Tperike wHTeproaanuje R(x).

19. ®ynxknuja f(x) je 3agara cBOjUM BpeaHOCTHMA Y TabeJIN:

x -2 0 2 4 6 8
f(z) | 2,1272 | 1,5167 | 1,7044 | 3,3285 | 5,0229 | 7,2814

Onpeauru KoopuHaTe Tauke ekcrpema dyukimje f(x).

92
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Pememe.

93

Ancnmca Tadke eKcTpeMa je HyJia IpBOI U3BOAa (DYHKIH]E,
KOju hemMoO anmpoKCHMHUPATH MPBUM HW3BOJIOM HHTEPIIOJIAIUOHOT MOJTHHOMA.

v | flx) | Af(x) | A%f(x) | A%f(x) | A'f(x)
22,1272 | —0,6085 | 0,7942 | 0,6442 | —2,0123
0 | 1,5187 | 0,1857 | 1,4384 | —1,3681 | 1,8619
2 | 1,7044 | 1,6241 | 0,0703 | 0,4938

4 13,3285 | 1,6044 | 0,5641

6 | 50229 | 2, 2585

8 | 7,2814

[Ipema BpegnocTuMa 3a f(xy) = fr BuguMo 1a GYHKIHja TOCTHIKE MUHU-
MaJIHY BPEJIHOCT Y WHTepBady [—2,2], Tj. y okonuuu Tauke 0. YV MOKymIajy
Jia cMambumo rpemiky dopmupahemo I FbyrHos unrepnosanuonu mojuHOM,
ysumajyhu 3a mouerny Tauky xry = 0, mpu 4emy je u = 5= n h = 2.

2f1 A%f

Ni(x) = 30

f1 +Af1u+

u(u—1) +

w(u —1)(u — 2)

[TpBu u3Bos I FbyTHOBOI MHTEPIOJAIMOHOD HOJUHOMA Y OBOM CJIy4ajy je:

A*fy
3!

A’fy

5 (3u® — 6u + 2)

Ny(z) = Af1 +

(2u—1) +
JloBo/bHO je j1a m3jepHadanMo u3pas y 3arpajan ca 0 m 3aMEeHUMO BPEIHOCTH
u3 Tabeie KOHATHUX Pa3/InKa:

1,4384 —1,3681

0, 1857 + (2u—1) + (3u® — 6u +2) = 0.
[lopmwy jeanaaunny hemo pemuTu (hopMupameM UTEePaTUBHOL IIPOIIECa 110 JIMHe-

apuoM wiany. Haume, jeqnadnna je ekBupaJsieHTHA ciejgehem mspasy:

- 405 12
28065 (0, 68405 u* + 0, 9895333)

@opMupaMo UTEPATUBHU TPOTIEC:

Us1 = 0, 68405 uj, + 0,9895333)

2,8065 (



I'VZIABA 5. HYMEPUYKO JINPEPEHIINPABE 94

[ToueTHa BpeJHOCT y UTEPATHBHOM HOCTYIKY je ug = 0, a Hu3 ureparuja:

ug =0

up = 0,3526
uy = 0,3829
uz = 0, 3883
uy = 0,3893
us = 0, 3895
ug = 0, 3896
uy = 0, 3896

—Z1

Hobumm cvmo u = ur = 0, 3896, ma je u = *=; "”T_O. Hakme, byuknuja f(x)
JIOCTH2KE MUHHMAJIHY BpemHocT v Tadku © = 2u + 0 = 0,7792. Oapeaumo
munumyM dyukiyje f(z) kopucrehn hpopMUpan UHTEPIOIAIMOHU OTMHOM:

1,4384
2!

—1, 3681
3!

Ni(x) =1,5187+ 0, 1857u + u(u —1) u(u —1)(u — 2)
3a u = 0,3896. Casma je:

f(z) = Ni(z) =1, 3327.

3asanu 3a BexKOy

37. Oynknuja f je 3ajaTa CBOJUM BPEIHOCTUMA Y TabeJIH:

e 1,0 11 1,2 1,3 1,4
Flx) | 1,1752 | 1,3356 | 1,505 | 1,6984 | 1,9043

Nszpaaynarn f'(1,1) u f”(1,1) dopmupamem MHTEPHOTANUOHAX MTOJUHOMA
3. u 4. crenena. /lobujene pesyjrare yHOPEJIUTH ¢ TAYHUM BPEIHOCTHMA
F(1,1) =1,6685 u f’(1,1) = 1,3356 3a0kpyzKene Ha 4 jenumae.

1)
1)

38. OapennTn KoopanHATE TauKe eKcTpema (pyHKImje f 3a7are Tabeaom:

Pesyarar. Nj(1,

1 6707, NI(1,1) ~
Nj(1, 1,1) ~

1,
1,6604, N7/(1,1)

~
~
~
~

3458
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x 1.3

1,4

L5

1,6

1,7

1,8

F(z) [1,2431

1,1486

L,

2095

1,4606

1,9391

2,6846

Pesynrar. = ~ 1,4142; f(z) ~ 1,1471

95

39. Ogpenutu KOOpAMHATE TavYaka MUHUMyMa W MakcuMmyma (yHkKIimje f

3a1aTe TabeaIoM:

z 0] 0,5 1 1,5 2 2,5
F(z) | 0] —0,45885 | —0,68294 | —0,49499 | 0, 18141 | 1,30306

T 3 3,5 4 1,5 5 5,5 6
F(z) | 2,71776 | 4,20157 | 5,51360 | 6, 45506 | 6,91785 | 6,91108 | 6,55883

Pesynrar. 7 ~ 1,0668; f(x1) =~ —0,6876; x5 ~ 5, 1553; f(x2) ~ 6,9472

5.2

Jndepenmnupame noMmohy
TejnopoBor pena

Pasmarpahemo dpopmyie koje nobujamo duckpemusatyujom KOHTHHYATHE
dbyukiuje f, Tj. omadbupameM BpeIHOCTH (DYHKIMje Y eKBUIUCTAHTHAM Tad-
KaMa ca kopakom duckpemusauuje h.

Oyunujy f(x), koja uma Henpekuae u3Boie 10 (n + 1) peja Ha uHTep-
BaJly KOjU CaJIPKU Tadke To U Ty + h, Moxkemo upejcraButu TejiopoBum

IIOJIMHOMOM CTeIleHa 7

f(zo+h) = f(zo)+ f'(x0) h+

rie je £ HeKa Tavka Koja MpUIaja WHTePBALY [To, Lo + h).

2

't

0)

h+.. .+

f(")(xo)

n!

h" +

f(n+1)(£) n+1
(n+1)! R

Homayuga O (,Beuko O”): 3a Beauduny 7 Koja 3aBuCH 0O h MHIIEMO:

r

= O1)

YKOJHUKO TOCTOje O3UTHBHE KOHCTaHTe s U M Tako ja BayKu:

Ir| < M h*

33 CBAKO h JOBOJ/HHO MAJO.
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Ussox dyukmuje f(x) y Tauku xo je aedununcan ca:

Jla 6ucmo gobuin Gpopmysry Koja alrpoKCuMupa n3Bojl (DyHKIHje, OnpamMo
eKBHIMCTaHTHE TadKe Y OKOJWHH Xg, HIp. Tog — h,Xo,To + h,..., 32 MaJo,
MO3UTHUBHO h ¥ KOHCTPYHIIEMO AIIPOKCUMAIIU]y u3Boja Kopucrehu Tejaopos
pen y Tauku xo. ['pemka metone he ce cMamuBaTh ca cMamemheM Kopaka h
u 3aBucuhe on u3Boga suiner peaa dpyukuje f. Crora, ma 6Gucmo mMorm ma
MPUMEHNMO OBaKBe alPOKCUMAIHje, 3aXTeBaMo j1a (PYHKIHja [ uMa, J0BObHY
LJIATKOCT, Tj. Jia HMa HelpeKujHe u3Boje ofarosapajyher pega (y 3aBUCHOCTH
01 KOHKpeTHe (opMyJie 3a AMPOKCUMAIIN]Y) HA HEKOM HHTEPBAJY KOjU CaIp-
JKU CBe TauKe y KOjUMa MPOIEhYjeMO BPeTHOCTH (DYHKITHje. Y OBOM OJIe/bKY
hemo nogpasymesaru na je dhyHKnuja f 10BOJHHO IJIATKA HA OBAKBOM HHTED-
BaJy.

M3BernrheMo HEKOJIMKO OCHOBHEX (popMyJia 3a HYyMEPUUIKO JuepeHIuparhe
nomohy TejopoBor pena, npema 6pojy Tadaka Koje dUTYPHILY Vv HOPMYJIH.

Heka je dpynkmuja f(z) € C?[a,b], tne xg — h,zo, o + h € [a, b] 3a HEKO
MO3UTHUBHO, /10BO/bHO Masio h. Kopucruhemo cienehy oznaxy M, 1:

150 oo = ma |40 (@)] < M.
z€la,

®opmyne 3a gudepeHIIUpamke YHAIpea U yHA3am,

NzBeaumMo dpopMyty 3a HyMepUUIKO dudepeHimpame pyukmnuje f y raaku
2o KOja KOpuCTH BpegaHocTu dyHKIHUje f v ABe Tauke, xo U o+ h. OyHKIHja
f ce Moxke mpesncraBuTu TejTOpOBUM TOJIUHOMOM Y TAYKH T

£
—

fxo +h) = f(xo) + f'(w0) h + € € [xo, o + h].

Onagje Moxkemo fa nspasumo f'(zo):

f(xo+h) — flzo)  ["(§)
h 2

f(xo) = h.

Dopmynaa 3a dudepenuyuparve yranped je 00JIUKA:

Dy = f(w“h;_f(mo). (5.1)
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Hobujena anpoxcumanuja uma epewky memode r(h):

() = | (z0) — Dul = L1,
3a KOJy BaxKu:
r(h) < % h,

tj. r = O(h), na Kaxkemo Ja je maunocm gopmyae npeoz peda (cremen Ko-
paka h je 1). TIpumerumo ja he ce 3a mpenosioB/beH KOpak h Tperika MeToje
Takohe MpernoJIoBUTH.

AHAJIOrHO NMPETXOIHOM, MOMKEMO H3BECTH Gopmyay 3a dudeperyuparbe
yHa3ad, 3a T = xg — h:

f(xo) = fzo —h)

[/ () ~ - ,

(5.2)

Yhja je Tpelrka MeToje r Takohe mpBor peja.
O06e oBe dopMmyIe Cy IBOTATKACTE.

ITpumep 1. Anpokcumupahemo uzson f'(z¢) dbyukmmje f(x) = sinz
y Tauku ro = 1 Kopucrehu dpopmysy 3a audepennuparme yaanpea. Tadna
BpeHOCT m3BoAa f'(x) = cosx y maukm xp uma Bpemnoct f'(1) = cosl =
0, 5403023058681397174 .... ¥V Tabeysu cy Jjiare BPeJHOCTH alpOKCHUMAIlUje
dopmyiom 3a audpepeHnupame YHALPEL 38 Pa3JInIuTe Kopake h U BpeJIHOCT
AIllCOJIyTHE T'PEIlKe 33 CBAaKy alpOKCHMAIH]Y.

b sin(1 4+ h})b —sin(1) cos] — sin(1 4+ h})b —sin(1)
0,1 0,497363752535389 4,29386 - 102
1072 | 0,536085981011869 4,21632 - 1073
1073 | 0,539881480360327 4,20826 - 104
10~° | 0, 540298098505865 4,20736 - 1076
1077 | 0,540302264040449 4,18277-1078
107 | 0,540302358409406 5,25413 - 1078
10710 | 0, 540302247387103 5,84810 - 1078
10712 | 0, 540345546085064 4,32402 -107°
107 | 0, 544009282066327 3,70698 - 1073
107" | 0,555111512312578 1,48092 - 1072
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[Tpumernmo na ce 10 Kopaka h = 1077 Tpemka cMmamyje JHHEAPHO y
onHocy Ha h. Mehyrum, Kaja HACTABUMO J1a CMalbyjeMO KOpak h, rpemika
aIlpOKCHMAIlije MOUnIbe Ja pacTe, TOJUKO Ja je 3a h = 107! rpemka meTor
pela Kao u 3a h = 1071

Denomen ja ce rperika JudepeHnupama nopehasa ca cMambUBambeM KO-
paka h je KapakrTepucTHdaH 3a (opMmyse 3a HyMepHUKO jupepeHnupame.
Hawnme, mopes rperike MeTosie, Ha TAYHOCT AuUdepeHIINpamba YTHYE U TPETTKa
3a0KPYZKUBAa. 33 U3Y3€THO MAJy BPEAHOCT h hOPMYJIOM KOjOM AllPOKCHU-
MHPaMO HPBU U3BOJI, peaIn3yjeMO O/ly3uMarbe OJIMCKUX BPeJIHOCTH (DyHKIIH]e,
aJli U Jie/behe MAJIOM BpeaHoIhy, mTo noBehaBa rpemiky.

[Tpernoctasumo Ja ce Bpegnoctn dyrkuuje f(x) Mory m3pasurn ca tad-
nomhy e. Osnaunmo ca f(x) npubamKmy BpemrocT dbyHKIHje f y Ta4KH T
KOjy KOPUCTHMO Y M3padyHaBamnuMa. lajga je

f(x) = f(z) + e(x),

re je e(x) rperika 3a0KpYKHBAbA BPEIHOCTH (DYHKIHjE ¥ TAYKH T, KOja je
orpanuveHa ca &, 1j. le(x)| <e.

Popmyna 3a audepeHIMpame yHAIPe  KOjy MU 3alpaBO W3padyHaBaMoO
KOPHUCTHU TPUOJINZKHE BPEeTHOCTH (pyHKIH]je:

Dh: f(xO_Fh})L_f(xO).

['pertika 3a0KpyzKuBamba yTrude HA allPOKCUMAIN]y TPBOI U3BO/Ia Ha cjejehn
HAYUH:

|Dh—Dh| _ f($0—|-h})l—f($o) B f($0+hf)L—f($0)
_ |e(@o+h) — e(xo)
h
e(xo +h) e(z)|  2e
=T ‘+ ho|STh

3a epewry 3aokpyostcusarba dopmyae 3a dudepenyuparve yranped y3UMaMO
rOpe OTPAHUIEHHE:
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Dopmysa 3a audepeniupare yHanpes uva rpemky merote r(h) = 22 b, na
jé Tpelika alnpoKcuMalije mpBor u3Boja GpyHKIje 0BOM (DOPMYJIOM OrpaHU-
YeHa ca:
|f'(20) = Dy| = |(f'(20) — Dp) + (Dn — D)
< [f'(wo) — Dil + [Dn — Dy
MQ 2¢

< —h+—.

-2 h
VKynHa epewka dugepenyuparva GopMysioM 3a TudepeHIupame yHAIIpe je
30U IpeIKe MeTOJe W I'PENIKe 3a0KPYKUBAbA:

R(h) =r(h) + E(h).

Ha coaunn upukasanu cy rpabunu yukuuja r(h), E(h) u R(h), 3a
[Mpuwmep [1] ca taunonthy € = 0, 1.

R(h)

r(h) (k)

0.2 0.4 0.6 08 1 1.2 1.4 16 1.8 h

Chuka 5.1: I'pemke 3a popmyny audepennupama yHALIPE,T

Onmumannu xopax h, je BpeaHocT Kopaka h 3a Kojy je rpemika Jaudepen-
mupama MunuMmasana, 1j. R(h) 3a dopmyny 3a mudepennmpame yHAIPeET

AOCTUZKE MUHUMYM Yy Ta4KU
9
"o =2\ gy

1 TO je ONTUMAaJIHA BPEJHOCT KOpaka h 3a KOjy je YKyllHa I'pelika HajMamba:

R(ho) =2 M2 g.
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Osa oreHa 3a MuHUMAJHY Tpemiky audepenimpatma 3uadn 1a je R(h,) =
O(e'/?), ma ochoBy uera 3ax/byuyjemMo ga bopMy/IOM 3a udepeHInpane
VHAIpes MoxkeMo Ja uspadyHamo f'(zg) ca JBOCTPYKO Mathe CHTYDHUX JIe-
MUMAJTHEX rdapa Hero ImMTo uX je aaTo 3a f(zg), IpH ONTHMATHOM H360py
KOopaka andepeHIupama.

®opmyia 3a neHTpaTIHO audepeHnupame 3a IIPBU U3BOJI,

Nzpenthemo dhopmyy 3a HyMepuuKko audepeHIupame TpBor 13801, (pyH-
kiuje [ y Taukum Ty, KOja KOPUCTH BpemHOCT (pyHKNHje f y Tadkama ro + h
u xg — h. OBaksa dhopmysia je TpoTauKacTa.

20. Hexka je dyuxuuja f € C3[a,b], rae je zg — h,zo + h € [a,b] 3a kopak
JTuCKpeTu3anuje h, u HeKa ce BpegnocT GyHKuuje f(x) Mory mspasutu ca
tauanomhy . OupeanTn onTuMajaH Kopak h 3a (hopMysry 3a IeHTPaIHO

nudepeHnnpame:
f(20) ~ flzo + h)Q—hf(l"o —h)

Pemteme. Jla Oucmo mMorin ja ojpeauMo OnTuMajian Kopak h dopmylie
3a IMeHTpaano AudepeHiupamne, moTpedHo je /1a Hajupe u3segaemMo oBy (op-
MyJIy, Tj. Ja JOKazKeMO Ja OHa 3aWCTa W BayKW, W JIa OJPEIUMO TPEIIKy
nudepeHnupama, Koja IpeJcTaB/ba 301D IPeliKke MeTOo/e U I'PEHiKe 3a0Kpy-
JKUBAHA.

[IpencraBuhemo dbyukmujy f y Taukama xrg — h u xg + h TejaopoBum
OJIMHOMOM OJirOBapajyher cremena y Tadku .

f‘//(xo) f///(g ) h3

f(@o +h) = f(xo) + f'(wo) b 9 3l &1 € [wo, w0 + I
Flao= k) = flao) = e+ TG00 - I, e lro— o

Ony3umameM OBUX Pa3Boja ,ZLO6I/IJ&MOI

L 6+ 1) 4

flxo+h)— f(xo—h) =2 f(x0) h 6

(5.3)

Ha ocHOBY TeopeMe 0 Cpelith0oj BPEJIHOCTH MOCTOjU HeKo & € [xg — h, g + h]

TaKo Jia je
f/l/(£1> +f///(€2)
2

= 1"(©).
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Kana uzpazumo f'(z9) u3 (5.3) nobujamo:

fxo+h)— flwo—h)  f"(§)
2h 6

Dopmyaa 30 UEHMPAAIHO OUPEPEHUUPATLE. je:

f(zo+h) — f(xo—h)
2h

h2

f(wo) =

[/ (o) =~

Ca I'pE€IIKOM MeTOoJe:

n
6
3a KOJy BaykKu:
r(h) < My h?.
6
1j. 7 = O(h?), na je maunocm gopmyae dpyeoz peda. Ilpumerumo ja lie
Ce 3a HPENoJIOB/beH KOpPakK h Tperika MeToze cMambuTd 4 myra (3a Masy
BpegHOCT h). 3aro je bopmyna 3a meHTpaTHo AndepeHInpabe KBATUTeTHH]a
o1 hopmyna 3a gudepeHIIpabe YHAIPeI U YHA3a/1, dije Cy IPEIIKe MeTo1e
IIPBOT peJia.

Oszmaunmo ca f(z) TpuOGMIKHY BpeaHocT byHKIHje f y TadKH T KOjy
KOPHCTHMO y m3padyHasamuMa. Tama je f(z) = f(z) + e(x), tue je e(x)
I'PeIKa 3a0KPYZKUBamha BPeTHOCTH (DYHKIUje Y TAYKU T, KOja je OrpaHuydeHa
ca e, 1j. |e(z)| <e. Caga umamo na je yKynHa rperka audepeHiupamba

f/(l’ ) . f(l’o + h) — f(Io - h) _ 6(:170 + h) — e(xo — h) B f”/(f) h2
' 2h o I
['pemmka anpoxcnmaiuje npBor u3soia GbyHKIHje 0BOM QOPMYIOM OrpaHu-

JeHa je ca:

f'(zo) — 57 < — 4+ =2h? = R(h).

f(xo+h) — flzg—h) e M;
~— h 6

R(h) 3a dopmyny 3a eHTpasno audepeHnupame T0CTHKE MUHAMYM Y TAYKH
3a Kojy je R'(h) = —75 + %h =0, Tj.
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Dopmyiia 3a MEHTPAJIHO AudepeHIUpambEe 3a JPYTU U3BOJT

21. Hexa je dyuxuuja f € C4a,b|, rae je zg — h,xo + h € [a,b] 3a kopak
qucKpeTu3anuje h, u Heka ce BpegHocTH GyHKIUje f(x) MOry H3pasuT ca
taunomhy €. OApeauTH onTUMAaJIaH KOpak h 3a hopMyIy

f(@o+h) =2 f(xo) + fzo — )
h? '

Pememe. /la 6mcyMo MoTIH a2 OJApe MO ONTUMAaJIaH Kopak h dpopwmyJie
3a TEHTPaJHO JiudepeHnupame 3a JApyrd u3Boj (GpyHKNUje f y Tadkd Xy,
noTpebHO je Jia Hajupe U3BeJeMO OBY (pOPMYJIY, Tj. Ja JOKAXKEMO Ja OHa
3aMCTa U BayKM, U JIa OJAPEIUMO I'PeIIKy AudepeHIupamba, Koja IpeIcTaBba
30Up I'peliKe MeTo/Ie U IPEIIKe 3a0KPYKUBAbA.

[Ipencrasuhemo dyukiujy f y Taukama g — h u x¢g + h TejaopoBum
IIOJTMHOMOM OJiroBapajyher crernena y Tauku Xg.

f//(x(]) ~

" " (iv)
f(IO + h) = f((L’O) + f/(xo) h+ f (2.1'0) h2 + f é“xo) h3 + f 4'(61) h4,
" " (iv)
f(:L‘O — h) = f(xo) _ f,<x0) h + f (2930) h2 o f ?E';EO) h3 + f 4'(52) h4‘

OBe pa3Boje 3aMermyjeMo v u3pas 3a QopMy/1y Kojy J0Ka3yjeMo:
1

73 (@0 +h) =2 f(zo) + f(zo = )]

" " (4v)
= % [(f(wo) T o) b 100 g ST0) g TG h“)

2 3! 4

" o) 4 " T0) . 5 (tv) 2) 4
= 240 + (o) - ey L g L) gy E2EE) 40

3! 4!
O &) + f1) (&)

W
24

= f"(w0) +

Ha ocHOBY Teopeme 0 CpeJith0j BPEJIHOCTH, MOCTOjU HeKO & € [xg — h, xo + h]
Tako Ja je

(iv) (iv) )

Kana uspazumo f”(zy) nobujamo:

flzo+h) =2 f(xo) + flwo —h)  fU(E)
h? 12

f(wo) = h?




I'VZIABA 5. HYMEPUYKO JINPEPEHIINPABE 103

Ca I'peIllKOM MeTOoAe

3a KOJy BayKu:

M,y
< 7%
- 12
3a rpemky Meroge Baxku ga je v = O(h?), ma je TaunocT dopMmyne Apyror
pesa. )

Osnaunvo ca f(x) mpubmokuay Bpeanoct dynknuje f y Tauxm T Kojy
KOPHCTHMO y u3padyHasambuma. Tazxa je f(x) = f(z) + e(x), tae je e(x)
I'peIKa 3a0KPY2KUBaba BpeJHOCTH (PYHKIUje V TAYKU T, KOja je OrpaHuyIeHa
ca g, Tj. |e(z)] < e. VYkymHa rpermka audepeHnpama je

r(h)

f h)—2f f(xg — h
f”(l‘o) o f(mo + ) ffffo) + f(xU ) ‘
[elwot b~ 2e(wm) + ez —h) _ F)
h? 12
1 M.
< o (o + )|+ 2lewo)| + le(a — B)]) + =0t 2
4e M4 2
< —+—n
ST D
Vkynna rpemka ose dopmyse je R(h) = 35 + % h? u mOoCTHIKE MHHAMYM Y
Tadku 3a Kojy je R'(h) = —% + %h =0, Tj.
48 ¢
he =\ —.
o M4

22. Heka je pynkunja f € C3a,b], tue je xg, zo+ h, 1o+ 2h € [a, b] 3a kopak
JTUCKpeTu3anuje h, u HeKa ce BpegnocTH GyHKuHje f(x) Mory mspasutu ca
tagnomhy . OapeauTH onTUMaJIaH KOpak h 3a popMy/Iy

() ~ —3 f(zo) + 4f<95022 h) — f(xo + 2h)

Pemteme. Ilpeacrasuhemo dbynknujy f vy taukama xg + h u xg + 2h
TejropoBUM MOJIMHOMOM OJIrOBapajyher cremnena y Taukd Xg.

Flao+h) = flao) + /(o) b+ (;) . f"'3<|gl> .

& € [xo, o + A
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1! "
f (I()) 4h2—|—f (52)
2 3!
OBe pasBoje 3aMemyjeMo v u3pas 3a GopMy/1y KOjy J0Ka3yjeMo:

f(zo+2h) = f(xo)+f'(20) 2h+ 8h?, &2 € [0, 2o+2h]

% (=3 flxo) +4 f(xo+ h) — f(xo + 2h))
- (f(xo) + (o) 2h + @ AB2 1 fm?f!fz) 8h3)]
= f/(xo) + fm(gl) - 2f///(§2) h2

3

Y 0BOM Ciydajy He MOXKEMO TPUMEHUTH TEOPEMY O CPEeIH0] BPEIHOCTH Ha
ocraTtak, aji ako je Kopak h maJm, onjga he m BpegHocTH Tpeher n3Boga y
JiBe Ostucke Tadke & u & OUTH OJIMCKe, TTa MOKEMO CMaTPAaTH Ja je V MHTAbY
ucra tauka £ € [rg, ro + 2h]. Kaga uspasumo f'(xg), nobujamo

=3 f(x) + 4 f (o + h) = e +2h) | (€)
2h 3

f(wo) = h2.

['pemmka MeTOIE je omaBe
M.
r(h) < ?3 h.

Axo je f(z) mpubnmkna BpenocT dbyHKIHje f 1 e(T) rpenka 3a0Kpy KHBamba
BpeHOCTH (hyHKIMje y Taukn &, Tako jaa je |e(x)| < e, uMamMo 1a je yKyIHa
rpemka audepeHIupama

—3f($0)+4f($0+h)—f(xo—l-Zh)‘

f'(wo) - 2h
_ ‘ —3e(xo) +4e(xg+ h) —e(xg + 2h) N 7€) 2

- oh 3

8e M3 2
< 2z 08
_2h+ 3 h

Ykyuna rpemka gopmyie je R(h) = %—i—% h? 1 70CTHIKe MEHEMYM y TAYKH

3a kojy je R'(h) = —% + %h =0, Tj.
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3amanu 3a BexKOy

40. Heka je dbynknuja f € C?a,b], tue je xy,x, + 2h € [a,b] 3a Kopax
JTUCKpeTu3anuje h, u Heka ce BpegHocTH GyHKIUje f(x) MOry H3pasuTh ca
taunomhy €. OApeauTH oNTHMAJIaH KOpak h 3a hopMyIy

P (s 2) o St 200 - )

3e

Pezyarar. h, = i

41. Heka je dyuxunja f € C?[a, b], rue je zp — 2h, x), + 2h € [a, b] 3a Kopak
JucKperu3anuje h, u HeKa ce Bpegnocru dynknuje f(x) mMory mspasurtu ca
tagnomhy . OapeauT onTUMaAaH KOpak h 3a GopMyIy

, _ flog —2h) = 8f(xx — h) + 8f(xr + h) — f(xy + 2h)
[ (@) = -

12h
_ s/45
Pezynarar. h, = ¢ 4Mi

42. Heka je dyuxunja f € C?la, b], tue je zp — 2h, 7y, + 2h € [a, b] 3a Kopak
JucKperu3anuje h, u Hexa ce Bpegnoctu dyHknuje f(x) mMory mspasurtu ca
tagromihy €. OapeanT onTUMaIaH KOpak h 3a GopMyIy

f(x+2h) =2f(x+h)+2f(x —h) — f(x — 2h)
2h3

f/l/ (I) ~

__ 5 18 ¢
Pezynarar. h, = \/ L



I'taBa 6

Hymepunuka nnTerpamnmja

Y oBoM 1OrJIaB/by 0aBUMO ce HPUOJIMKHUM U3padyHaBatbeM ojpeheHor
UHTErpasa

I(f) = / () d.

rae je f(x) marerpabuina GbyHKIMja HA KOHAYHOM MHTEpBady [a,b]. Hecto
ce jaB/ba moTpeda Jia n3padyHaMo BpeaHoCT oipehenor nHTerpaJia pyHKIM]je
Yhja TPUMHUTHBHA (DYHKIUja HeMa eKCILIUIUTAH OOJUK WU je HHje JAKO
onpenutu. OCHOBHe MeTONe 33 M3padyHaBambe BPETHOCTH OJpeheHOT UHTe-
rpajia dyHknuje f Ha3zuBajy ce ksadpamypne dopmyase u Oasupame cy Ha
cJresiehoj anmpokcuMaIujn HHTerpaJa

[t =3 A p(w) + R() (©.1)

e cy ro < 1 < ... < T, pazanautu usoposu u Ay, Ay, ... A, onrosapajyhu
koedurmjent. Hajuenthe ¢Bu uBopoBu Jiexke y nHTepBasy |a,b], a Koedwu-
nujentun A; oapehyjy ce Tako ma dopmyna Oy/Je TadHa 3a IOJHHOME
mTo ulirer crenena. CTora TauHOCT KBaJApaTypHe hOpMyJe 3aBUCH O] TOTa
KOJIUKO JI0OPO MOXKEMO JIa AlPOKCUMUPAMO ToguHTerpasny byuxiujy f(x)
HOJIMHOMOM Ha WHTepBady |a,b]. YKoiamko nommnaTerpasifa GyHKIHja TMa
CUHTYJAPHY TA4YKy HA WHTEPBAJY WHTErPAIlje W aKO je WHTePBAJ HHTE-
rpanuje GeckoHavuaH, noTpebHe cy oaroBapajyhe momudukanuje meroqe.
oba ciydaja MoxKe OUTH OJf KOPDHCTH PA3MOTPUTH OATrOBapajyny TexKHHCKY

106
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KBaJIpaTypHy HOpMyJIy:
b n
[ w0 fe)de = 3" 4 fw) + B
a =0
rae je w(z) > 0 mesrcuncka gyrnkyuje Koja Mpey3uMa CHHIYIAPUTET, TAKO 14
ce dyuxiuja f(z) Moxke 706pO AMPOKCHMEUDATH MOJTHHOMOM. Y TOM CJIy4ajy,
WHTEpPBAJ WHTErPAIje MOZKe /13 OCTaHe OeCKOHATAH.
3a cajga hemo ce 3ajpxkaru Ha HOPMYIH OOJIUKA . OcHoBHa KBa/JI-

parypua ¢dopmysia 3a u3padyHaBarbe oipeheHor murerpaJia fab f(z)dx na
KOHAYHOM HWHTepBasy [a,b] Gasupa ce HA WHTErpAIMjH WHTEPIOJATHOHIX
nosuHOMa. Hamwme, ako umHTepmoaupamo nogumarerpainy dyukmujy f(x)
Y PA3JIHYATHM IBOPOBUMA Ty, ..., T, € [a,b], JlarpaH:KOBUM MHTEPIIOJIAIIH-
oHUM mouHoOMOM Ly, (x) ctenena n, tTana je f(x) = Ly(x) + R,(z) u

j{bf(x)dx:wt/%lgxx)dx,

JIOK je rperika oe dopmyie R(f) < | f R,(x) dzx|. JTarpan:KOB HHTEPIIOIA-
IIAOHU TIOJTHHOM je 00JIHKa,

Zz ) fis

rae je fi = f(z;) n

_ (x—zo)(x—21) ... (T — i) —xig1) ... (x — xp)
(@i — o) (@i — m1) - (@1 — @) (@i — Ti1) - - (T3 — @)

Tana je

Lvmm%/ m_/ ﬁM_ZL/,

OBuM cMo u3Ben hopMyTy 00JIHKA 1) ca KoepuIyjeHTHMA:

A; = /b li(z) dx. (6.2)

OBu KoedHUIIMjeHTH ce M3PATYHABAjJY CAMO jeTHOM, DU KOHCTPYKIIU]H KBaJl-
parypse opmyJie, y 3aBUCHOCTH O/ CTeIleHa NHTEPIIOIAIMOHOT IIOJIMHOMA 1
u 0abpaHux YBOPOBA MHTEPIOJIAIIN]E.
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6.1 Ibyra-KoyrcoBe KBajipaTypHe (opmyJe

Ksagparypue dopmyite (6.1)) ca koedburujentuma 3a eKBUJIUCTAHTHE
YBOPOBE MHTepHoJIaIyje o < r; < ... < T, ca KOPAKOM h = ”‘T“ Ha3WBAajy ce
Ebymnu-Koymcose ksadpamypre dopmyse. Y TOM CIydajy BaxKu Ja je T; =
xo + i h, m MoxKe ce moKazaru na cy koedunujentn obmka A; = (b —a) CP,
Kao n ja Baxkn y_ . Cl=1uCl=CP_,.

6.1.1 OcHoBHa Tpane3Ha gpopmyJia

3an = 1 uHTepIOIMPAMO MOIUHTETPATHY (DYHKIIN]Y JTUHEAPHAM TOJIAHOMOM
y KpajeBHMa WHTepBaJa WHTerpaluje xo = a U 1 = b. Y TOM cIaydajy je

b—=x T—a

— () =
b—a’ (@)

lg(l’) _b—a.

Cagna cy xoedurjeHTH

b b
b—=x b—a
Ay = l dr = dr =
O/a()(x)x/ab—ax 2’

b b
r—a b—a
Alz/all(x)dx:/a b—adw: 5 = Ap.

OBuM cMmo mpobunu mpanesny dopmysy

b
b—a
| #arin =20 ) + ) (63
KOJy JOIIl HAZUBAMO U OCHOGHA MPAne3na Hopmyaa.

3a nosuruBHy dyHKUMjy Tpale3Ha (opMmysa anpoKCUMHUPA HOBPIIUHY
ucnon rpaduka dyskimje f(x) MOBPITMHOM Tparesa.

I'permika ocHoBHe Tpame3ne popMyJie

['pemiky ocnoBHe Tparmesne bopmysie oapehyjemo kKopucrehu oneny rpeii-
ke JimHeaphe uarepnonanuje f(x) — Ly(z) = fT(E)(x —a) (z —b), nox nper-

nocraBkoM Jja je f” HempekuaHa DyHKIMja HA WHTEpBATLY |a, bl

b rn "
Rl(f):/ fT@)(m—a)(x—b)dx:—fl—(;)(b—a)g.
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4 Li(z)

()

Cauka 6.1: Anpokcumaruja nHTErpasa (QpyHKIHje % Ha uHTepBaay [0, 1]
OCHOBHOM TpPAaIle3HOM (DOPMYJIOM

Makcumu3aiujoM jJecHe CTpaHe je JHAKOCTH J00HjaMO rOPhY TPAHUILY I'PEIKe
OCHOBHE Tparne3une opmy.ie:

rae je m[a%] |f"(x)] < Ms.
z€|a,

6.1.2 OcuoBHa CumnconoBa opmyJia

3a n = 2 uHTEPNOIUPAMO TOIUHTErPATHY (PYHKIIN]Y TOJUHOMOM 2. CTe-
IeHa, y eKBUJIUCTAHTHUM TadKaMa ca KOpakoM h = b’T“, To=a,ry =a+hu
Ty =b. Y TOM caydajy je

(x — xo)(x — x2)
(71 — x0) (21 — T2)’

(x — 1) (x — 29)

(zo — 1) (0 — 22)’

lo(z) = lLi(x) =

(x —zo)(x — 1)
(22 — @) (72 — 71)

lg(ﬂf) =
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Cana cy koedbunujeatn hopmysie
b
AQ = / lo(I) dr = (b - a) = AQ,

b
Al = / ll(l’) dr =

Wi O -

(b—a).

OBuM cmo pobmmu Cumnconosy gopmyay, npu demy je b —a = 2h,
X9 h
| @)= S(f @) + 4 f(ar) + Fla)), (6.4
o

KOJjy jOITr HAa3uBaMo u 0cHosHa Cumnconosa Gopmyia.

e®

Ciuka 6.2: Aupoxcumanuja unrerpaia (pyHkuuje —-— Ha UHTEpBaLY 0,1]

ocaoBHOM CHMIICOHOBOM (hOPMY/IOM

I'penika ocHoBHe CumiicoHOBe hopmyJie

[Ipernocrasumo ga je f!V Hempexumna ¢yHKIHMja Ha HHTepBauy |a,bl.
['pemiky ocuoBae Cumiconose (popmyie onpehyjemo kopucrehiu oneny rpemike
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KBa/JIpaTHE WHTEPIOJAIN]e

f"(€)

a0 -0=0.

/3:2 #(x—l‘o) (x —21) (¥ — x0) d =

Jlobunu cMo J1a je Tpelrka oBaKBe WHTerpaiuje jeqaaka 0, a 3HAMO J1a TpemKa
uHTepnoanuje pyHKIUje Koja je pa3indauTa 0/ CBOT HHTEPIOJIAIUOHOT TIO/IH-
noma He mozke outu (. V13 oBakBOTr pesynrara 3ak/bydyjemMo na je CHMIICOHOBaA
dopmysia 3a HHTErpanujy TadHa 3a CBe IIOJHHOME 3. CTeIleHA, A je I'PelIKa
4. pena. To 3Ha4YM 1A MOJMHOM IO UHTErpajoM Mopa OuTH 4. cTeleHa,
a TO TOCTHZKEMO TaKO IITO CMaTpaMoO JIa je TPBH YBOP JIBOCTPYKa TadKa
uHTepnosanuje. 300r Tora je rpemka CumicoHose (popmysie 00InKa

2 IV
) = [ e ) o - e = SO

rie & € [a,b]. Yaumajyhu y 063up na je b—a = 2h, 106ujamMo ropwy TpaHUILY
rperike ocHoBue Cumiiconose popmyJie

Rz(f)<%(b_a)5,

— 90 2

e je max | 1V(z)] < My.
rEla

)

['pemka ocnopre CHUMIICOHOBE METOJ/E MOYXKE Ce M3BECTH W KOPHIINemeM
byTHOBOI MHTEPHOJAIMOHOT MOJUHOMA 338 MHTEPIOJAINM]Y MOAUHTEerPAIHEe
dyuKIHjE.

CauvaIM mocTynuMa MoxKeMo f1a m3Begemo u Hbyta-Koyrcose dbopmyte
BHIIlET cTemeHa o7 2. (JBakaB MPUCTYI y HEKWM CJIy4YajeBUMa MOXKe J1a
JoBejie 10 moBehama TadHOCTH WHTerpamuje. JIpyru mpucTyn Koju MOXKeMO
Jla IPpUMEHUMO y 1uJby nosehama TaunocTu 6a3upa ce Ha CMabeby JIyKUHE
uHTEpBaJa Ha KoMe npuMemyjemo Ihyru-Koyrcose dpopmyne. Ha taj naunn
jnobujamo oxaropapajyhe kommosuTae (hopmyiie.

6.1.3 Tpane3na dpopmysia

I'permika ocuoBre Tpanesne dopmyne Ry(f) = % (b — a)? zaBucu o
TyKAHE MHTepBaJia WHTerpaiuje [a,b], ma mMa cMUCTA CMAIATH HHTEPBAT
Ha KOMe [puMeyjeMo ussejiene popmydie. [logemmo unrepsaji uHTErpaluje

[a,b] Ha m nmogmHTepBana ca KopakoM h = % eKBHAMCTAHTHEM TadKaMa
m
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a =290 <11 < ... <Xy = b, upn uemy je xv; = xog + th,xr; — ;1 =

h,(i=1,...,m) u o3naunmo f; = f(x;). [Ipumenuhemo Tpamesny dbopmymy
HA CBAKU HOJUHTEPBAJ [T; 1, T;),

/bf(a:)dx: mmf(x)dm
_ zlf(x)dm—k/mf(m)dx—k...—k/zm (@) dz

= St 5+ U+ )+ s+ ) Z

l\le‘
DJF

f1(&),

3a & € (w1, ], (i = 1,...m). C ob3upoMm Ha mpermocTaBky ga je f” me-
upexnaa GyHKIMja Ha WHTEpBALY [a,b] 1 mh = b — a, rpemka Moxe 6uTn
3aImucana y o0JuKy

h

Z 6) =~ mpe) = —0-a) 1 ),

12

rae je £ € [a,b]. OBuM cMO JTOOWIH KOMNOZUMHY MPAne3ny Gopmyiry Kojy
HA3MBAMO CaMO TPAIEe3HOM (DOPMYIOM:

T(h) = g (fo + fm +2 Zfz) ; (6.5)

=1

qrja je olleHa I'pelnKe

Ry = —(b—a) = "(£). (6.6)

12
[opma rpanuna rpemike TpamnesHe dopmyie je

b—a

RT S h27

rie je m[a%] |f"(x)] < M,. 3a rpemky Tpamesne dbopmysne Baxku jaa je
z€]a,

Ry = O(h?), na je raunoct Qgopmyse Jpyror pejia, a dbopMmy/a je TauHa
3a moJImHOMe J10 1. cTeleHa.
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Cmuka 6.3: Anpoxcumanuja unTerpaia dbyHKIuje ——

Tpame3noM GpopMyJI0oM

ma uarepsaiy [0, 1]

6.1.4 CummconoBa dpopmysia

[IpumennhiemMo ueTy NpHHIMII Kao Ko TpamesHe dopmyie. leanumo uH-
TepBaJ HHTerpalrje Ha MOAMHTEpBaJe Ha KOJUMa [ieMO TPpUMEHUTH OCHOBHY
CummconoBy dpopmyay. OcaoBry CuMicoHOBY dhopMyay m100HjaMo KBaIpaT-
HOM WHTEPIIOJIAIMjoM o iuHTerpaHe (PyHKIMje 3a KOjy je morpedHa moaesa
OCHOBHOT WHTEPBAJIa Ha 2 MOJAMHTEPBAJIA. 3aTO je MPUJIUKOM YOIIITaBaHkha
oBe ¢opMyJie OTPedHO Ja HHTEPBaJ HHTErpAIlje IOJIeJIUMO Ha IapaH Opoj
HHTEPBaJIa, KaKo 6ucMo 0CHOBHY CHMIICOHOBY (hOPMYJIY IMPUMEHUIH HA HAP
MOJIUHTEPBAJIA.

[Momesumo nuTEpBas nHTErparmje [a,b] Ha 2m nojguHTEpBaIa ca KOPAKOM
h = b%‘, €KBUJUCTAHTHUM TadKaMa a = Tg < T1 < ... < Toy = b, npu

2
gemy je x; = xg +ih,x; —x;—1 = h, (i = 1,...,2m) u oznaunmo f; = f(z;).
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[Tpumenunhemo CumiiconoBy (opmy/ly HA CBAKU Hap HOIUHTEPBAJIA:

/ f@yde= [ f@)ds
_ I:Zf(x) dx+/:4f(x) da:+...+/:m2f(x) dz
= g(fo +4fi+ fo) + g(fz +4 f3+ fa)+
...+g(f2m_2+4 Fomer + fom) + ijgloffv(ézz) ,

32 Eo; € [Toi_o,T9i],i = 1,...m. C ob3upom ma mpernoctasky ja je fIV me
npeknaHa GbyHKIMja HA WHTepBay [a,b] m 2mh = b — a, rperka Moxe 6uTn
3alicana y 00JIUKY

1 v 1
Z%f 522 %m

=1

|
~

~

<
N
=

ot
|

|
&

e je € € [a,b).
OBum cMo g00uan kKomnozumuy Cumnconosy Gopmyay KOjy HA3HBAMO
camo CUMIICOHOBOM (hOPMYJIOM:

S(h) = g[fo +4(fi + . fome1) F2(fo 4o F fom—2) + fom],  (6.7)

qmja je OleHa I'pernKe

Ry = (b—a) fW(S)- (68)

180

[opma rpanuna rpemke Cumiconose popmyJie je

b—
180

h4

Rg <

e je max |V (z)] < My.
z€]a,

3a rpemky Cumiconose dpopmyJie Baxu ja je Rg = O(h*), na je Taunoct
dopmyse geTBpTOr pejia, a opmMya je TauHa 3a MOJUHOME 10 3. CTeleHa.
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0 0.25 0.5 0.75 1

Canka 6.4: Anpokcumarnuja mHTErpasa (QpyHKIHje % Ha uHTepBaay [0, 1]
CummicoroBOM (POPMYIIOM

6.1.5 I'pemnrka 3a0KpyKNBamba

[Tpernoctasumo Ja ce Bpeanoctu dyakuuje f(x) Mory m3pasurn ca tad-
Homhy €. OBo he ce mecuTu yBeK KaJia BPIIUMO 3a0KPYKHUBAaH€ BPEIHOCTU
dbyHKITje HA KOHaYaH Opoj geruMaJia. [IpomenuMo Ha KOju HAYUH KOPHUIIIhe-
e NpuOJIMAKHUX BpeJHocTr (BYHKIUje yTUde Ha I'PEIIKY 3a0KPYKHBaba
tpanesne (opmysne. Osnaunmvo ca fp npubanzxuy Bpegaoct byHKunje [y
TauKW Tj, KOjy KOPHCTIMO y u3pauyHapamuma. Tazaaje f(zx) = fr = futer,
IJie je e Ipelllka 3a0KpYzKHBambha BPeIHOCTH (DYHKIH]je V TadKH Xj Koja je
orpanmveHa ca g, 1j. |ex| < e.

IT(h) = T(h)| =
= g(fo+2(f1+...+fm_1)+fm)—g(o+2(f1+...+fm_1)+fm)
:g](eo+2(el+...+em1)+em)\§22m5
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3a rperiKy 3a0KpyKUBamba Tpamnesne GopMysie y3uMaMo FOPHE OrPAHHYCHe
E=(b-a)e.

[Toka3yje ce ma je mcra T'perrka 3a0KpyzKuBama u CHMIICOHOBE (DopMyJIe.
['perika 3a0Kpy:KuBamba JIUPEKTHO 3aBUCH O Opoja JeruMasia ¢ KOjuM Bp-
MUMO HM3padyHaBamba. (CTora, YKOJIUKO je I'DelllKa 3a0KPYzKHBarba MHOI'O
Mamba O]l TPeIKe MeTojle, MO¥Ke ce cMaTpaTH 3aHeMap/bUBOM. Y CYIIPOTHOM,
YKyIHA Ipelika Tpalesne, onHocHo CHUMIICOHOBE MeToJie je

R=Rr+E, R=Rs+E.

YKOJMKO 3a0KPYKYjeMO BPEIHOCTH Ha k JeIMaJIa, MMaMo Ja je £ = %-10*’?.

/ sin rx dx
0

npumenoMm Tpaneste u Cumiconose dopmylie ca kopakom h = 0,125 u upo-
IEHUTH T'PEIIKY nHTerpaiuje 3a ode popmysie. Ha koju naunn 6poj genumalia
KOjUMa padyHaMO yTHWde Ha T'PeIiKy wHTerpamuje’

23. Uspauynaru unrerpai

[l

Pememe. Hajupe ompennmo Bpemnoctun byuknuje f(z) = sin(7mzx) y
YBOpOBHMA ca KopakoMm h = 0.125, 3ao0kpyxkyjyhu Ha 10 mernumaJia.

T | fi

00
0,125 | 0,3826834325
0,25 | 0,7071067813
0,375 | 0,9238795325

0,51

Tpame3na nu CumrmcornoBa dopmyna 1ajy

7(0,125) = O’;ﬁ( F(0)+ £(0,5) + 2 (£(0,125) + £(0,25) + £(0,375))) = 0, 3142087183
5(0,125)_.Qlég§(f(0)4-j(o,5)+—4j1o,125)+—2¢(0,25)+—4j(0,375))__0,3183125267

Omnene rpemike 3a Tpane3ny u CUMIICOHOBY METO/Y C OBUM KOPAKOM CYy

M. —
Rr<(b-a 2y gtz

< M, h*
12 180
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Kako cy oarosapajyhu nssojm
f"(z) = —n?sin (7z), fV(z) = 7*sin (72),
JiobujaMo Jia cy

max |f"(z)| = |f"(0,5)] = 9,8696 < 9,9 = M,

z€[0;0,5]
max |fV(2)| = f1V(0,5) ~ 97,409 < 97,5 = M,,
z€[0;0,5]
a je
0,5 ) i 0,5 ) .
Ry < 6'9,9-(0, 125)° = 6,4-10 Rg < ﬁ.gz 5-(0,125)* = 6,6-10

C 063upoM Ha TO JIa CMO U3padyHaBaiba BPIIWIN 3a0KPYyKUBambeM Ha 10
semumana, Tj. € = 3-10710, Bazku 1a je 3a 06e MeTOAE IPEIIKa 320K Py AKUBAbA
E=(b—a)e=22".1071=0,25-1071°, mro je 3anemapbuBo y ojHOCY Ha
oreHy rpermraka Meroga. C ob63upoM Ha JT00HjeHe OlleHe I'PeIlKe, 38 TPaIe3Hy
MeToy Oum OmJIo JIOBO/HHO BPIIMTU 3a0KPYyKHBamba Ha 3 JenuMmarie, a 3a
CuMIICOHOBY Ha O JernumMaJia.

OrieHe rpelrke MOKa3yjy Ja je Tpame3HoM (hOpMyJIOM HOCTUTHYTA TATHOCT
Ha npse 2 jgenumaje, a CuMICOHOBOM (DOPMYJIOM Ca HCTHM KOPaKOM Ha
npBe 4 genumalsie. YKOJIUKO YIIOPEIUMO T00HjeHa pellerha ¢ aHAJIUTHIKHM
pelemeM MHTerpaJia Koje m3HOCH % ~ 0,3183098861 ... Buaumo ma ce oBe
oleHe yKJIallajy y CTBApPHY T'PEIIKY pelierma.

24. UspauynaTu uHTErpa

/ Uode
o 1+
Cumuconosom ¢gopmytoMm ca Taanomhy € = 1074,

Pememe. Ykynna rpemka Cummconose dopmyiae msgocn R = 1074, a
rpetika 3a0kpyzuama E = 150107 = 0,5 - 107" ykouuko 3a0KpyzKyjemo
Ha 4 germumase. Makcumasaa 103BosbeHa rpermka CHMIICOHOBE METOJIE je

Rs=R—-E=10%-0,5-100"=0,5-10""%
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Jla bucMmo ucIyHm M 3aXTeBaHy TAYHOCT, Tj. Ja rpemka Cumiconose hopmyJie
Rg Oyne mara oJ1 3aXTeBaHe TAYHOCTH, MOTPEOHO je Ja MPOIEHUMO KOJUKU
Tpeba sa Oyje Kopak Iojiejie mHTepBaja uurerpanuje h. To pamgumo Ha
ocuoBy onene rpemke Cumuconose dopmyie (6.8):

b—a
Rg = Myh*, My = v
S 180 4N, 4 ;2[%?1(] |f (I)|
M, = max L =
01 |[(1+x)°
Cana je
24 180
Rs=—hr'<0,5-10* = hpit<—.107"%
ST 180 — 7 =48

Ha ocuoBy oBor yciosa cienn ja 3a Kopak h mopa ga Baxku h < 0,139
qa O6m Owja MCIyEeHa TATHOCT. 3a KOpak h Tojese WHTEPBAIA y3MMaMO
h = 0,1, uume pobujamMo 1oje/ly HMHTEpBaJa HHTerpaluje Ha napan Opoj
noguaTepBasia. Popmupamo tabeny ¢ oaropapajyhuM BpegaHocTuMa (PYHK-

nnje f(z) =

1+
z | for fom | for—1(x4) | for(x2)
0 1
0,1 0,9091
0,2 0,8333
0,3 0, 7692
0,4 0,7143
0,5 0,6667
0,6 0,6250
0,7 0, 5882
0,8 0, 5556
0,9 0,5263
1,0 0,5
Z 1,5000 | 3,4595 2,7282

Dopmupamo CumiconoBy dopmysy ca kopakom 0, 1:

0,1
S(0.1) = (1,5 + 43,4595 + 2 2,7282).
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C 063upoM Ha TO 18 CMO YHAIIPE T OIpeiin morpeban Kopak h Koju 0be3behyje
TpaykeHy TadHOCT, UMaMO [1a, je

I ~ S(0,1) = 0,6931.

3agaim 3a BexKOy

43. V3pagyHaTtu mHTerpaJj

2
[:/ zlnzdx
1

1. Tpamesnom copmyioMm ca TauHomhy £ = 107,
2. Cummconosom (opMyJIoM ca Tadnomly € = 1075,

Pezynarar. 1. [ =~ 0,6364
2. 1 ~0,63630

44. V3pagyHaTn WHTeTrpaj

1
_ (T 2
I—/O sm<2x>d3:

1. Tpamesnom dopmyaom ca Taaromhy € = 5 - 1073;
2. CummconosoM hopMyaoM ca Tadnomthy € = 1073,

Pezynrar. 1. [ =~ 0,438
2. I ~0,438

45. N3pauynatun unaTerpas

1,75
]:/ (sinz — 2rsing + 1) dx

0,75
1. Tpamesnom dopmynoMm ca Tagromhy € = 1073;

2. CumuconosoM GhopMyIoM ca Tagnomhy € = 1074,

Pezynarar. 1. [ ~ —0,489
2. I ~ —0,4890
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6.2 PombeproBa mHTErpaImja

PombeproBa unTerpamnuja mpejcraBba epUKACAH aJTOPUTAM 33 HyMe-
PHUYKO pelllaBalbe HHTerpaJa, OasupaH Ha Y3acTOIHO] IPUMEHH Tpalle3He

dopmyuie.

6.2.1 PwuuapacoHoBa eKCTPAaIIoJialiija

PwyapacoroBa ekcTpamosanuja OJHOCH ce Ha MeTOoJ/e KOje KOPUCTe JIBe
HyMepHYKe IIPOIeHe BPeIHOCTU MHTerpasa ma Ou ce j1odmiIa Tpeha mnporeHa
Behe TauHOCTH.

VY onenn rpemike Tpane3ne u CHMIICOHOBE METO/e (PUTYPHUIILY OTieHE 2. O
HocHo 4. u3BoJA noAMHTErpaane (PyHKIMje Ha UHTEPBAJIy WHTErPaIje, IITo
MOZKe JIOJATHO JIa ONTePeTH U3PpadyHaBame U HUje YBEK je THOCTABAH 33/]aTaK.
3aTo yBOJIMMO MeTOy KOja Jiaje IPEeIU3Hjy allpOKCHMAIU]y HHTerpaa, Ko-
puctehn camo BpegHOCTH J00HjeHe oaroBapajyhom ¢hopMyaIoM ¢ pa3anauTHM
KOpaImMa Io/ie/ie HHTepBa/ia nHTerpamnuje. 3aapzkahemMo ce Ha caydajy Kajaa
KOpakK h MOJOBUMO, TONITO MOXKEMO JIa KOPUCTHMO HPETXOJIHO H3padyHa-
Te BPEJHOCTH ToJuHTerpaJine (pynknuje 3a HoBy mpumeny Fbyru-Koyrcose
dopmy.e.

[IperniocTaBuhiemo j1a momuHTErpaTHa (PyHKINja UMa JOBOJbHY TJIATKOCT,
Tj. /1a je HeIpPeKuHA U J1a UMa HelPEeKHHEe U3BO/Ie JIOBOJbHO BUCOKOT pesa.
Mozke ce mokasaru Ja ce rpeiika TparesHe (popmyJie

h2
Rr(h) = —(b—a) == 1"(©)

MOZKe pasBuTU Ha ciejehn Hadun:
RT(h) = C2h2 —+ C4h4 + ...+ C2Sh2$ + O(h28+1)’

rJe KOHCTaHTe ¢; 3aBUCe OJI U3BOJa ojarosapajyher peaa dyukiuje f, aau He
u oxn h.

[IpernocraBumMo Ja je u3padynara npudInzKHA BpeaHOCT ojpelenor mu-
terpana [ = fabf(:c) dx Tpanesnom (opMmyaoMm ¢ Kopanuma hy = h = b —a
u hy = % N3padyynajMo JBe alpOKCHMAIlHje TPame3HoM (POPMYJIOM C OBHM
KOPaIIMa:

T(h) = "2(f(a) + £0))
h

T(h2) = 2 (f(a) + 2f(a+ ha) + f(b)
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Oprosapajyhe rperike Tpamnesne (opmysie ca 0Ba [iBa KOpPaka Cy:

Ry(hy) = I —T(hy) = cah® + cah* + cgh® + -+ - |
Ry(hy) = I — T(hy) = ca(h/2)* + ca(h/2)* + c6(h/2)% + -

[Ipumerumo 1a je Ry(hy) = 4Rr(hs) + O(h?'). Banpaso, Baxu na je

3 15
Rr(hy) — 4Rr(hs) = Zc4h4 + 1—606h6 +---

C mpyre crpane, umamo u ja je Rr(hy) — 4Ry(hy) = 4T (he) — T'(hy) — 31,
I1a CJIeJIA JIa BAXKH
AT(hs) — T(hy) 1 5

— —C4h4 — —C6h6 —+ .-

I =
3 4 16

OBuM cMO 100 HOBY AIpPOKCHMAIM]y IOJa3HOr mHTerpana I, dmja je
rpemrka O(h*):
4T (hy) — T'(h

6.2.2 PombGeproBa mHTerpaimuja

[TpeTrxomHo m3BeAeHN KOpaK PHYapacoHOBe eKCTpamoJalje MOXKeMO Ja
yormrumo. Kaxo Gucmo jobusn dopmyny koja je taunoctu O(h%), ko-
puctumo rpanesne gopmyse ¢ koparuma b, h/2, ..., h/257! u npumemyjemo
omnucany mporneaypy Pudapaconose ekcrpanosnamnuje s — 1 myTa.

Pombeprosa unTerpaimuja je aaropuraM KojuM mosehaBamMo TagHOCT IIPO-
IleHe BPEIHOCTH MHTErpasa, y3acTOIMHOM IpuMeHoM PudapacoHoBe ekcTpa-
roJiaruje.

Osnaunmo anpokcuMarjy Tpamesnom dbopmymnom T'(hg) ca Tk(o), 3a hy =
b;—k“, k =0,1,.... HaocnoBy oBuX anmpokcuMaliuja KoHcTpyrcaheMo BpeHOCTH

T,Ej) (j=1,...k; k=1,2,...), na caenehn naunn

) 4jT(j—1) _ T(j—l)
T = kol 6.10
I[Ipumernmo aa je 3a j = 1 oso anpokcumanuja (6.9). Kopucrehu xoGujene
BPEJHOCTH MOXKeMO Jia dpopmupamo T-radejy ca BPEJIHOCTHUMA AlPOKCUMa-
nuja moJjia3Hor uarerpaa I:
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73"
N\
" - 1"
pY N\
Y - Y - Y
pY p p
b F

Bpeanoctu y npBoj KOJIOHE Cy allpOKCHMaluje BpeHocTH unrerpasia I jo-
Oujerne TpamesHoM (GOPMYIOM ¢ KOpakoMm hy. Amnpokcumaruje y 1. KOJOHH
cy taanocrn O(h?), y 2. xoqonn taunocrn O(h), y s. komonn O(h?).

TepaTHBHN MPOIEC 3ayCTaBBAMO KaJ1a je NCIYHeHO \Tj(J) = Tj(]_;l)] <e,
IJie je € yHanpe/ 3axTeBaHa TavyHocT. Taja yzumamo jia je [ ~ Tj(j ),

Hanmomena. Kana npumemyjemo PomOeproBy mHTerpaiujy ca yHampe
33JIaTOM TA4YHOIINY KOjy Tpeba Ja IMOCTHTHEMO, HeMaMoO VHampen oapehen
Opoj k, Tj. KOJIMKO je alpoKCHMAaInja Tpamne3HoM opMyJoM HOTPpeOHO ja
u3padyHamo (mpBa KoJoHa). Tabeay HomymaBaMO 1O PeJIOBHMa H HAKOH
CBAKOI' PeJIa TPONEHYJEeMO BPEJIHOCT |Tj(j - Tj(j_ Il)]. VKOJIMKO je TAYHOCT HC-
MyHEHA CTAjeMO, V¥ CYIPOTHOM, U3PAadyHABAMO BPEJTHOCTH Y HAPETHOM DEIy.

Hapotumo asiropuram 3a PombeproBy mHTerpaimjy, ca mo4eTHIM KOPAKOM

__b—a
hy = =2

KOPAK 1: Bupamo moderHn Kopak hy = 2=2.

r

KOPAK 2: MN3PAUYVHATU TIOJA3HY TPATIE3HY ®OPMYJIY

T =3 (f(a) +I0)+2Y flat mo>>
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KOPAK 3.1: 3A k= 1: 3A h = hy/2" NBPAUYHATHI TPATIE3HY
OOPMVIIY:
h 2kr—1
T,C(O):éc fla) + f(b —|—2Zfa—|—zhk)
KOPAK 3.2: NBPAUYVHATU PUYAPICOHOBY EKCTPATIOJIATINIY:
) 4jT(j*1) _ T(jfl)
TV = ——k k-l =1,...k
k 4] . 1 I (j 9 ) )
KOPAK 4: Axo g [TV — TV V| > ¢,

MMOBERATHU k 3A 1, TOBPATAK HA KOPAK 3.1

AKO JE |Tj(j) — Tj(fjl)\ <eg,
I =~ Tj(j)

25. Ilpumenom PombGeprose nuTerpanmje oape TN alpOKCHMAIIN]Y T3(3) HHTerpasa

1
E .
sin rx dx
0

ca moYeTHUM Kopakom hg = 0, 5. O;LpeILHTH AHAJIUTHYKO Delllerhe MHTerpaia
U IpOLeHUTH cTBapuy rpemky | — T} G) l,j,k=0,1,2,3.

Penteme. l3pauynaBamo amrpokcuMaliije Tpamne3nuM popMyIamMa ¢ Kopamuma
ho = 0,5;h1 = ho/2 = 0,25;hy = ho/4 = 0,125;h3 = hy/8 = 0,0625
(BpeaHOCTH ¥y IpBOj Kostonu T-tabesie). BpegHocTu y mpeoctainmm KOIoHaMa
nobujamo npumenom Pugapaconose ekcrpanosianuje (6.10)).

0,25
0,301777 0,319036
0,314209 0,318353 0,318307
0,317286 0,318312 0,318310 0,318310

O OhY om0
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Anajiurnuko peimewe unrerpasa je —. Bpeanocru rpemike | — Tk(j)|, (J, k=
s

0,1,2,3) cy 3amucane y tabesn:

6,8 102

1,6-102 7,210

4,1-107% 4,2-10™° 2,7-107°

1,0-107% 2,6-107% 7,0-10~% 2,8-1078

Hanomena. [6] Tpanesna dbopmyna uma rpemky O(h?), mTo 3naun 1a
ouekyjemo ma je rpemka [ — T'(h/2) mama 4 nyrta ox rpemke [ —T'(h), kaga
npenosioBumo kopak h. ITokasyje ce jga ce Kao MHAUKATOP Tr'perike popmyJie
T'(h) moxke kopucTuTH rperka (opmMyse 3a aBa ysacTomnHa Kopaka, |T'(h) —
T(2h)|. Ha ocHOBY IpETXOIHOT, OYEKY]eMO JIa je OJHOC Ipellaka Tpale3He
dopmysie ca JBa y3acTolHa Kopaka, Kopucrehun o3nake u3 Pombeprose wn-
Terpaluje:

T — T,
", -1

PombGeprosa unrerpaiuja 3axreBa Jia je mojuHTerpaana yHKImja JT0BO/bHO
rjaaTka. ¥y CynpoTHOM, Kojquduuiu R, he cyBuiie ojcrynaru o 4. YKOJIUKO
je oncryname Belie 10 10%, a Kopax h,, JOBOJbHO MaJjIH, He MOXKEMO YCIELTHO
npuMeHuTH PoMGeproBy mHTerpalujy 3a peliaBaimbe HHTerpaja. y MpeTxoj-
HOM 3aJIaTKY YCJIOB 3a YCIEIIHy IIPUMEHY OBe METOJIEe je UCHYIbeH.

1
/ cos(z?) dx
0

ca taunonthy € = 0, 5-10~% npumenom Pombeprose unTerpanuje, ¢ HOIeTHIM
KopakoMm hg = 0, 5.

26. l3pagynaru nHTErpa

Pemteme. CBa uspadyHaBamba 3a0KpyzKyjeMo Ha b genumalgia. Ogapeau-
heMo npubANZKHY BpeaHOCT UHTErpaJsia Tpane3HoMm (popMyJioM ca KOparmma
ho = 0,5 u hy = 0,25. Bpeanoctn noguurerpane dbyukmuje f(z) = cos (z?)
y UBOpoBHMa ca KopakoM 0, 25 mate cy y Tabenn.
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z f07 fm fk
0 | 1,00000
0,25 0, 99988
0,5 0,96891
0,75 0, 84592
1,0 | 0,54030
> 1 1,54030 | 2,81288

Anpokcumaruje wHTErpaa TpamesHoM (GopMmysIoM ca Koparuma hg = 0,5 u
hy =0,25 cy

0,5

1§0>::710,5)::-é?«1,54030+-2-0,96891)::0,86953
0,25

T = T(0,25) = =—(1,54030 + 2 - 2, 81288) = 0, 89576

[Tpumennmo PudaapacoHoBY eKcTpamoalifjy Ha MPeTXOJHO W3padyHaTe

alrpoKCcuMaImuje.
4T(0) . T(O)
T = =L 20— 0,90450
! 4-1 ’
T-Tabesa je camga o0JIHKA:
7” = 0,86953
N\

71 =0,89576 — 0,90450
[Iponena rpermike je
7" — T3] = 10,90450 — 0, 86953 = 0,03497,

a HONITO TAYHOCT HHje UCIYIHeHA, H3padyHaheMo anpoOKCHMAIW]y TPAIIe3HOM
dbopmysom ca kKopakom hy = hy/2 =0, 125.

x| fk
0,125 | 0,99988
0,375 | 0,99013
0,625 | 0,92467
0,875 | 0,72095
> 1 3,63563
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0,125
T = T(0,125) = =5 (1,54030 + 2 - (2,81288 + 3,63563)) = 0,90233.

[Ipumernmo PudaapacoHOBY eKcTpamoJalujy Ha alrpoKCHMAallrje Tpalne3HOM
dopmyom ca Koparuma hy = 0,25 u hy = 0, 125.

4”1

7w L —0,90452
2 41 ’

T-Tabesna je cajga o0JIUKA:

7 = 0,86953
¢

T = 0,80576 — 0,90450
e

T = 0,90233 — 0,90452

CaJta MOzKeMO J1a IpUMEHUMO PUdap/IcOHOBY €KCTPAIIOJIAIIjy Ha AIIPOKCUMAITT]e
. . . 2
unTerpaja unja je raanoct O(h*), unme ce g06uja anpoxcumanuja T~ TaIHOCTH

O(hS).

42T(1) _ T(l)
T = — L = 0,90452
T-rabesa je caja obanka:
T” = 0,86953
N\
T =0,89576 — 0,90450
N\ N\

T =0,90233 — 0,90452 — 0,90452
[Tporena rperike je
T2 — 7| = 10,90452 — 0,90450| = 0,2 - 10* < .

Jlakme, TMOCTUTHYTa je TpakeHa TAYHOCT, A CTAjeMO ca M3padyHaBambeM.
BpennocT mHTerpasia npudJnzKHO je jelHaKa BpeaHocTH 15,7:

I ~0,90452.
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3agaiy 3a BexKOy

46. l3pagynaTtm mHTerpaJj

1 T
I_/ ¢ dz
o 1+ 2

ca Taunomhy ¢ = 0,5 - 10~* npuvenom PomGeprose unTerpammje.
Pezynarar. [ ~ 1,2707

47. N3pauynatun uaTerpas

™

I:/4xtg2:pd9§
0

ca Taunomhy ¢ = 0,5 - 1074 npumenom Pombeprose nurerpamnuje.
Pezynarat. I ~ 0,1304

48. l3pauyHaTm mHTerpaJj

T sinx
I = dx
™ T

ca Tagnomhy € = 0,5 - 107* npumenom PomGeprose nnrerpamnmuje.

N

Pezynarar. [ ~ 0,6118

6.3 dPopmyJe 3a HyMepUYIKYy NHTErPaIlijy

b
3a uspauynasame onpebenor unrerpana [ w(x) f(z)dx ca Texunckom
dbyurmujom w(x), dopmupamo kBagparypre dopmyse obIIKa

[ o) ) de =3 A (@) + RO, (6.11)

rmecy a < xg<x; <...<z, <bpa3zauuuTH, yHAIPEI IHO3HATH IBOPOBH U
Ao, A1, ..., A, KoedunujenTu Koje Tpeda oapeauTn Tako ga (hopmysaa (6.11)
Oyne rauna 3a dynxuuje f(r) = 1,z,2?... 2" (camum Tum je dopmyia
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TavHa W 33 IMOJUHOME JI0 cTerneHa n). JIpyruM peduMa, MOpa BaxKUTH Ja je
rpemnika gpopmyJie

b n
R() = [ w(e) fla)do =3 A )

jennaxa nynu 3a gyukuuje f(x) = 1,z,2%. .., 2" Ha oBaj nauun, no06ujamo
cucreM (n+ 1) jearadnne qujum pemmasambeM oapelyjemo n + 1 koedunujent
Ao, ..., A,

Moxe ce gecutu ga je dopmymaa (6.11) Tauna u 3a moJuHOME BHUIIEr
crernena of n. llpermoctaBuMmo ga je rpemika GopMmyse jeaHaKa HYId U 3a
dbyuxmmje 2" . 2" TF a pazmuunra o myse 3a 2" TF Taga kaxkemo ga
je ecmenew maunocmu opmyae n—+k, a ped epewre n+k+ 1. Ounena rperike
kBasparypue dopmyie (6.11)), auju je pex n + k + 1, xara je ca

R(f) < Mn+k+1

kD . (6.12)

b
/ w(x) (x —z)" o —xy) - (x — 2,) da

3a eKBHIUCTAHTHE YBOPOBE MOJe/Ie HHTePBaIa HHTErPAlHje U TeXKUHCKY
dbyuknujy w(z) = 1 nobujamo Hbyrn-Koyrcose kBagparypue dopmye.

27. Ussectu dbopMyly 3a HyMepHUIKY HHTEPaIujy 00/IHMKa

h
2h
[ sy = s+ 5r (3) + R)
0
3a h > 0, Tako ja Oyje TavHa 3a MOJMHOME IIITO Beher crernena, 1 MpoIeHUuTH
rpemiky waTerpanuje R(f).

Pememe. Onpenumo koedunujente A u B Tako ga dopMmysia Oyme TauHa
3a pyukimje 1 u x, Tj. 3a MOJMHOME JI0 IIPBOT CTEIeHa.

flz)=1: A+B=h
h?  2h
A=h—-B = |A=1h

OBuM cMO U3Be M KBaApaTyPHY (GOPMYJIY 38 HYMEPHUKY WHTEIDAIIA]Y

[ swar=tr0+ 25 (%)
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1 TadHa je 3a IOJMHOME JI0 npBOr cremnena. IIpopepumo ja Jn je bopmya
TauHa U 3a NoJUHOMe Bumier crernena. 3a f(z) = x? nesa crpana Qopmyse

Je
h 3
h
/ v dx) = )
0 3

h o 3h(2n\* W
1'0+z<?) =3

JIOK je JiecHa cTpaHa

C 063upom Ha TO Jia Cy JieBa U JlecHa cTpaHa jejiHake, Mopa outu R(z?) =0,
na je bopMmysia TauHa W 3a MOJUHOME ApYyTror crernena. [Iposepumo aa Jjim je
dbopmyta Tauna 3a dyuxuujy f(z) = x>. Caga je neBa crpana gpopmyJie

h 4
h

3
d = —
/Ox “) 4’

h 3h /2h\° 24
_.03_|__<_) _ -

a JecHa,

4 4 \ 3 9

13 oBe jpe pesanuje cieau aa je R(x?) # 0. Takie, rpeiika ose KajiparypHe
dopwmyie je Tpeher pega. Onena rpemke u3Benene hopMmyae je oOIuKa:

h 4
/($—0)2 x—% dx:MSh.
; 3 216

28. Issectu GpopMy/1y 3a HyMepUUKy HHTEIPallijy 00J/IUKa,

/11 f(@)de = Ay f(=1) + Ao f (—%) + Asf (%) + Asf (1) + R(f)

Tako ja Oyje TadHa 3a HOJUHOME IITO Beher crenena m oapeauTn pe rpeike
R(f). llpumenom mpobujene (opmyste u3padyHaT TpuOINKHTY BPETHOCT HH-
1

Terpasa I:/ e dz.
0
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Pemteme. Oapennmo koedurmjenre A; Tako ga popmyria Oyae TadHa 3a,
dbyuxmmje 1, z, 2% u 22, Tj. 3a mommHOMe 10 Tpeher cTenena.

1

f([L’)Zl A1+A2+A3+A4:/ dr = 2

-1

1 1 !
T) =2x: —A - —A —|——Af—|—A:/acdx:O
f(x) 1o gt At A=

1 1 ! 2
f(ﬂf):lz: A1+—A2+—A3+A4:/ 2de = =

5 5 1 3

1 1 1
x) =23 A - —A,+ —A +A:/ 22dr =0
f(x) 1 55 2 55 3 4 B

Pemasatmem oBor JimHeapHOI' CUCTEMa jeJiHaYnHa J100ujamo KoeduujeHTe

1
- A2:A3:§.

A = A, —
1 4 67 6

OBuM cMO U3BeTM KBAJIPATYPHY (hOPMYJTY 38 HYMEPHUKY WHTETDAIIN]y
! 1 5 1 5.(1 1
D)de~-f(-D)+=f(———=)+=f(—= )+ =101
[ rwdes g 2 (-2 ) + 2 (2) + o)

[Iposepumo ma ju je popmysa TadHa W 3a MOJTHHOME BUINEr CTEMEHA. J3a
f(x) = z* neBa crpana dpopwmyie je

1
2

/ ztdr) = =,
-1 5)

JIOK je jiecHa CTpaHa % C 063upom Ha TO J1a Cy JieBa U JeCHa CTPaHa je/THAKe,

mopa 6urn R(z?) = 0, ma je dgopmysna Tadna M 3a HOJMHOME YeTBPTOL
CTeIleHa.
[Tposepumo ga m je dopmyna tauna 3a Gyuxuujy f(z) = z°. Jlepa

cTpana dopmyie je f_ll 2°dxr = 0, u JecHa crpana Takobe je jeanaka 0.
[Tposepumo ja s je dopmyna tauna 3a dynxuujy f(z) = 2% Cana
je mema cTpana dopmyse fflx‘a dr) = 2, a necna 2. Oname ciean na je
R(x%) # 0. Hakne, pen rpemike je 6.
C 063upoM Ha TO J1a ce u3BeaeHa (popMy/ia OTHOCH HA HHTEePBAJ HHTErPAIIHje
[—1, 1], ma GucMo MOTUIN 14 IPUMEHHMO OBY (DOPMYJTY 3a PelllaBabe HHTerPAJIa
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I, norpebHO je jia yBejeMo ojroBapajyhy cmeny. YoOudajeHO ce KOPHCTH
JIMHEeapHa, CMeHa, Y OBOM CJIy4ajy TO je T = %t + %

! 1t 11
[:/0 f(:c)dxzﬁ/_lf(§t+§)dt
1/1

) 1 1 ) 1 1 1
~3(670+ 37 (3-55) +& (34 3v8) + )
~ 0, 746836.

29. Ussectn dopMyny 3a HyMeprUKYy HHTEIPAIHA]Y O0JUKA,

]/%ﬂ”m—Af@+Aﬂm+Aﬂ%Hﬂu)
V2h Jo VT ' 2 ’
Tako Ja Oyje TavHa 3a NOJIMHOME TITO Beher crenena u OJpe/InTU P/l IPEIKe

R(f)-

Pememe. Oapenumo koedbunujenre A; Tako ma dpopmyra Oyme Tadna 3a
dbyuxnuje 1,z 1 22, Tj. 3a HOJIMHOME 10 JAPYTOr CTEIIEHA.

L
V2h Jo VT

1 4
r)=ux: Ay +2A3=— rdr ==
) PR o fy VI

8

1 2
=22 ,44A_——/ Py =
flz)==x o+ 4 A Jan ), x T F

PemmapameM oOBOr JTHHeAPHOT CHCTEMa jeTHAYNHA JT00WjamMo KoedunujeHTe

f(l')zl A1+A2+A3:

4 16 9
A==,  Ay=—. ==
175 TS 57 15

OBHUM cMO W3BeIM KBaIpaTyPHY (POPMYJTY 38 HYMEPHUKY WHTETDAIIN]y

L f) 4 16 2
[ DL B+ S,

[Tposepom 3a dyuknujy f(z) = 23 3axkmyuyjemo ga dbopmy/ia Huje TauHa 3a

IIOJIMHOME CTeleHa Behier o 2, 1a je peji I'pelike 3.
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3agaiy 3a BexKOy

49. Uzsectu dopmyy 3a HyMePUUIKY HHTEIPAIU]y OOJIHKA

/0 e i (o) dr = AF(0) + BS(1) + CF(2) + R(f)

Tako ma OyJe TadHa 3a MOJMHOME INTO Beler cremeHa M MPONEHATH IPEIIKY
unrerpamnuje R(f).

Pesynrar. A=C =1 B=0, R(F)<ZX:

50. NzBectu dpopmyny 3a HyMEpUUKY HHTErpalujy obJmKa

/ f(z)de = Af (—\@) T+ Bf(0)+Cf <\/§) +R(f)

Tako Ja Gy/e TauHa 3a IIOJHHOME 1ITO Belier creneHa U IPONEHUTH IDEIIKY
nnrerpaiuje R(f).

Pesynrar. A=C =3 B=-% R(F)<64-10"°M;,

51. W3Bectu dpopMyay 3a HyMEpUUKY HHTErpalujy obJIHKa

/0 f(x)de = AF(1/4) + BF(1/2) + CF(3/4) + R(f)

Tako 1a OyJe TadHa 3a MOJUMHOME INTO Belier ¢TemeHa M IPOLEHHTH TPEIKY
unrerpanuje R(f).

Pesynrar. A=C =2 B=—3, R(F)<3-107*M,

6.4 PemaBame HeCBOjCTBEHIX MHTETPAJIa

PemraBamo HecBojcTBeHH WHTerpaJ Ha OECKOHAYHOM WHTEPBAJTY

+oo

f(x)dx

a

. . .
ca taunomly e. Kako je y muTamy KOHBEPreHTaH MHTErpaJ, 3a 3 IIOCTOJH

M > a Tako jia je BpeJHOCT ,pena’ uHTerpaja ,JJJ0BO/bHO MaJia, Tj. Ja je

HUCIIYEBEHO
—+00

f(x)dx

€
< -
M 2
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Caa pamasamo oxpeheHr mHTErpaJ

M

f(z)dx

£
ca TauHomhy 2. ' .
CraudaH mocTynak IpuMemnyjeMo U Y CIydajy KaJa pelraBaMo WHTerpaJe

06K f_boo f(x)dr nmm fj;o f(x)dx.

30. Uspauynaru unrerpas npuMernoM PomGeprose nHTerpaimje

00 —z2
1 24+sinx
ca Taunomhy € = 1077,

Pemteme. Oxapenumo M > 1 Ttako 1a je:

2
< ze® 1
/ ———dr| < —e=--10""
M 2-+sinx 2
Kako je |2 +sinz| > 1, umamo na Baxkn
© ge v’ | ge v’ *
/ S dx g/ . dxé/ ve™ dx

M 24+sinx M |24+ sinx M

Jlakge, Tpaxkumo M 3a Koje BaxKu Ja je

e M <107° = M > 3,3930702

Vamumo ga je M = 3,4. Cama marerpan f13’4 ;fs_ii

TagHOMmNY %-10_5. ['pemka 3a0KkpyzKuBama F Mpu n3padyHaBamy HHTerpaia

je E=(3,4-1)3-107=1,2-10"%, na MokeMO 2 BPIIIMO 3a0KPY2KUBAILE
Ha 6 menmMadia.

Murerpas pemaBamo upumeryjyhu PoMmbGeproBy muTerpanmjy, upBo ca

dr u3padyHaBaMo ca

ze T

2+sinx”

KOopakoMm hg = 1,2, a 3atum ca kopakom hy = 0,6, 3a f(x) =



I'JIABA 6. HYMEPHUYKA HHTEI'PAIINJA 134

T fo, fm Ir
11 0,129468

2,2 0,006194
3,4 | 0,000019
> 10,129487 | 0,006194

[Ipumenom Tpanesne popMmysie UMaMoO Ja je
1,2
T = —~(0,129468 + 0, 000019 + 2 - 0, 006194) = 0, 085125.

3a npenosoBbel Kopak hy = 0,6 umamo ja je:

T | fi
1,6 | 0,041235
2,8 | 0,000472
S 10,041707
0,6
T = —5-(0,120468 + 0,000019 + 2 - (0,006194 + 0,041707))
= 0, 067587.

[Tpumennmo PuyapcoHOBY eKCTpamoIalijy Ha MPeTX0 HO u3padyHaTe ampo-
KCHMaIje:

4T — 1
—L 20 =0,061741
4—1 ’

Hacraspajyhu nocrynak, mpumenom ajiropurma Pombeprose nnrerparnmuje,
kopucrehn dopmyse (6.10)),
pTY T

45 — 1 ’

) =

7o —

dopmupamo caejsehy T-radesry:

T = 0,085125

T = 0,067587 0,061741

T = 0,063897 0,062667 0,062729

T = 0,063017 0,062724 0,062728 0,062728
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[Tpomnena rperike je
T — T = 10,062728 — 0,062729] = 0, 000001,

MTO je Marhe OJ] 3aXTeBaHe TAUHOCTH.
. . 3
Bpeanoct unrerpasna [ je mpubIuKHO jeTHAKA Té )7

I ~0,062728.

31. Ca taunomhy ¢ = 1072 u3padyHaTH HHTEIPAT

! COS T

0o VT

Pemieme. Y nutamy je HeCBOJCTBEHW WHTerpaJl, MOIITO MOIUHTETPAJIHA
dyHKIHja UMa CUT'YJIAPUTET HA MHTEPBaJy UHTErpalluje:

I = dzx.

OBaj mHTErpaa MOXKEMO PEIIUTH Ha BUIE HAYUHA.

[. ¥V nuramy je HECBOjCTBEHU UHTEI'PAJ HEOTPaHHYeHe PYHKIA]e HA NHTEP-
BaJIly MHTerparnuje, y OKOJWUHH JIEBOT Kpaja WHTepBaJia WHTETPaIlje.
Kako je y nurtamy KOHBepreHTaH HMHTEIPAJ, MOXKEMO Ja OJPeIuMO 7’
TaKo Ja O/I0AIMBAbeM Jejla WHTerpaJjia HAIPaBUMO T'DENIKY KOja HHje
Belia o 5, Tj. Tako Ja je

cosx ]cosx| /
dx < d:):—Q\/_<—
s

Jakne, morpebHo je mar < 6,25-1075. M0>KeMo y3ern gajer = 6-107°,
CaJia pemasaMo oJpeljenn nHTerpas f €2 dx ca Taunomhy 0,5-1072,
Ha mpuMep CUMIICOHOBOM (hOPMYIOM.

II. V29 sanarky nssemn cvo dpopmyay (6.13) 3a nymepuuxy nrrerparnujy

KOjy MOYKeMO Ja TIPUMeHHMMO Ha peliaBame nHrerpatia I 3a h = = u

2
f(x) = cosz, Tj.

1
4 16 2
/0 Cf/sgdx% SCOSO+1—5 COSO,5—|—E0081 =1,81.
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ITT. Wuarerpan I moxkemo ja m3padyHamo yBohemeM cMene t = /I, Kojom
ce T0JIa3HU WHTEerpaJl CBOJAM Ha CBOjCTBEHU MHTErPAJI:

1
I = 2/ cos 2 dt
0

4qujy ¢MO BPEIHOCT OAPCIUIA Y 3a1aTKy ca sehom taunomhy.

Ha cBa Tpm maumna mobujaMo UCTY BpeIHOCT WHTerpajia [ y omHOCY Ha
3aXTeBaHy TAYHOCT.

|
3ajsanu 3a BexKOy

52. Oarosapajyhom HymMeprmaKOM MeETOIOM M3PAUYHATH WHTETPAJ

+oo gip L
I = L dx.
5 1423

ca Taunomhy ¢ = 1074,
Pezyarar. [ ~ 0,0027

53. Oarosapajyhom HymMepudKOM MeTOIOM M3PAUYHATH WHTETPAJ

+o0 1
I = — dx.
/o (1 +a2p "

ca Taynomhy ¢ = 1073,

Pezyarar. I ~ 0,589
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